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Introduction

The study of moduli spaces of abelian varieties is a profound and intricate topic within algebraic
geometry, providing significant insights into the structure and classification of these mathemat-
ical objects. Abelian varieties, which are higher-dimensional generalizations of elliptic curves,
play a crucial role in various branches of mathematics, including number theory, complex anal-
ysis, and certainly algebraic geometry. This work delves into the essential groundwork needed
to elucidate insights on the Kodaira dimension of these moduli spaces.

The concept of Kodaira dimension serves as a fundamental tool in the classification theory
of algebraic varieties, offering a measure of the complexity of the geometry of a variety. For
moduli spaces of abelian varieties, determining the Kodaira dimension helps in understanding
the geometric properties and potential applications of these spaces. In this endeavor, the ap-
pearance of modular forms and their generalizations is almost natural, following a rich history
of both classical and modern approaches; starting with elliptic curves and traditional complex-
analytic modular forms back with Taniyama in 1950, and continuing with hyperkahler surfaces
and global sections of the canonical divisor for a smooth model of a variety, as explored by
Barros et al. in [3].

Building upon foundational concepts, we begin with an overview of abelian varieties, their
moduli, and their associated properties. We then delve into the theory of modular forms and
modular curves to establish a strong background for understanding the relation between mod-
ular forms and complex tori. The final chapter focuses on the main topic, providing detailed
steps for calculating the Kodaira dimension of A,, supported by significant results from refer-
ential research.

This thesis not only offers a roadmap to a vantage point in the landscape of the geometry of
moduli spaces—specifically the Kodaira dimension of moduli spaces of abelian varieties—but
also showcases the type of mathematical machinery, both existing and developed, needed to
build the roads themselves. We intend for this work to serve as a beacon in this vast and
complex landscape, guiding future research and exploration.
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Chapter 0O

Notation and preliminaries

In this short chapter we introduce some notation to be used throughout this work, and some
preliminaries of importance.

0.1 Matrices

For a (square) matrix A, A" will denote its transpose, A~ its inverse transpose (since our
rings are fields, therefore commutative), A* its Hermitian transpose, and |A| = det(A) its
determinant. A matrix named [ will denote an (appropriately sized) identity matrix unless
otherwise specified.

Definition 0.1.1. A subgroup H of G(Q) of a linear algebraic group G over Q is called neat
if the image of H under some faithful represenation G — GL,(Q) is neat. This latter neat

means that the subgroup of C* generated by the eigenvalues of the elements in the subgroup of
GL,(Q) is torsion free.

0.2 Tori and lattices

Definition 0.2.1. A lattice over a complex vector space V is a finite subgroup L with rank
dimR V.

Definition 0.2.2. A (complez) torus of dimension g is a quotient X = V/L where V is a
complex vector space, and L 1s a rank 2g lattice.

Definition 0.2.3. A polarization on a lattice L is a positive definite hermitian form w with
integer imaginary part (on L).

Proposition 0.2.1. (Riemann relations) A polarization for a lattice over a g-dimensional
complex vector space is uniquely determined by a matrix

(5 1)

in which D is a g X g positive-integer valued diagonal matriz such that, if P is a matriz with
columns as basis vectors for L:
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1. PW™iPt =0,
2. PW™1P* is positive definite.

A polarization as above in which D = I is called principal.
The diagonal entries of D as a tuple is called the type of the polarization.

Remark 0.2.1. This construction is equivalent to that of the first Chern class of a positive
definite line bundle on a complex torus.

Remark 0.2.2. A matrix P as above can be normalized as (I, Z), for which Z will be symmetric
and its imaginary part positive definite. It is called the period matrix.

Definition 0.2.4. The dual torus X" of X = V/L is defined as VY /LY, where V¥ = Homg(V, C)
(the space of C-antilinear forms) and LY ={l € VV : (I, Ly C Z} with (-,-) : V¥ xV — R the
canonical R-bilinear form given by (I,v) = Im [(v).

Definition 0.2.5. The Stegel upper half space H, is the space of all symmetric g X g
matrices with entries in C and positive definite imaginary part.



Chapter 1

Abelian varietes and their moduli

In this chapter we develop all the necessary theory to study the moduli spaces of (principally
polarized) abelian varieties. We begin by defining them classically.

1.1 Abelian varieties

Definition 1.1.1. An abelian variety (AV) is a complex torus X on which there exists
a polarization w. A polarized abelian variety is a pair (X,w). A principally polarized
abelian variety (PPAV) is a polarized abelian variety on which the polarization is principal.

An important equivalence relation amongst AVs are isogenies, which are the morphisms of
the AbVar category.

Definition 1.1.2. A morphism f between abelian varieties X = V/L and Y = U/K is
given by a C-linear map F : V. — U such that F(L) C K. f is called an isogeny if F
is an isomorphism (of vector spaces), and an (abelian variety) isomorphism if furthermore

F(L) =K

Note 1.1.1. This definition prescinds from a polarization, so it is valid for common complex
tori.

Note that isogenies are ”isomorphisms everywhere but finite points”.

Example 1.1.1. Multiplication by an integer n : V- — V given by z — n - z is an isomorphism
only when n = +1.

We'll call abelian varieties isogenous if there is an isogeny between them, and isomorphic
is there is an isomorphism in the above sense between them.

Remark 1.1.1. We can equivalently define a polarization on a complex torus as an isogeny
X — XV induced by a positive definite line bundle.

Proposition 1.1.1. Let X = V/L an abelian variety with polarization W. Then, it is isogenous
to a principally polarized abelian variety.
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Proof: Let (X, W) as in the statement above and (es, ..., ey, hq,..., hy) a basis of L such
that W is determined by its type matrix D = (dy,ds,...,d,). Let L' a lattice generated by
(e1/dn,...,eq/dg, h1, ..., hy) In this basis, W is a principal polarization in Y = V/L'. So we can
surject cannonically s : X — Y, which is an isogeny since the d; are integers making s(L) C L'.

m

1.2 Their moduli

To start building the moduli space we want, let us consider the following construction:

Let Z € Hg, i.e. a symmetric g X g matrix with positive definite imaginary part. We can
construct a torus Xy = CY / (Z - 79 + 79), with principal polarization W represented by Z~!
and period matrix (Z, ). So (Xz, Wy) is a principally polarized abelian variety. We can prove:

Lemma 1.2.1. Let (X,W) be a g-dimensional PPAV, then there exists Z € H, such that
(X, W) is isomorphic to (Xz, W)

Proof:  As in remark we can change the basis of the period matrix of X to get
P = (N,I)with N € H,. O

So, now we have a moduli space of PPAV with a preferred basis, so there could be
isomorphic varieties represented as different points due to choice of basis. Of course, the next
natural step is to find the rules to quotient out this redundancy. This means we have to find
a way to change lattice basis respecting the polarization. With this aim, let’s look at H, as a
symmetric space. The symplectic group of 2g x 2g matrices is

st~ (a1 o ar (0 Nar- () ).

This group acts on H, as follows: given Z € H, and M = (é g) € Spay(R)

M(Z):=(AZ + B)(CZ + D)™ € H,.

Indeed, we note that A'C’' and B'D are symmetric and A'D — C*B = I. So

0= (CZ+D)(M(Z)—M(Z))(CZ+ D)
= (M(z) - M(2)")

proving symmetry, and in the same fashion
(CZ + D)'ITm(M(Z))(CZ + D) =Im(Z) > 0

proving positive definiteness.

We can also prove:
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Lemma 1.2.2. The action of Spag(R) on Hy is transitive.

Proof:  Since the matrices we're working with are non-degenerate, we only need to check
that the orbit of il is H,. Let Z = X +iY € H,. There’s an A € GL,(R) such that Y = AA
(since Y is symmetric and pos. def.). Then, consider

Z=X+iY = X +iAA
= X (A TA +iAA!
= (X (AT +iA)(AY)
= (A(I) + X (A ™) (0(I) + (A7)
= M(il).

A X(AH

so M= (0 A%y

) acts on ¢/ mapping it to an arbitrary Z. O

We can also calculate the stabilizer of ¢/ as

A B . t__ t t t_ ~
{(—B A).AB—BA,AA +BB"=1;=U,

(the unitary group of degree g) where the block structure comes from

il = (é g) (iI) = (B +iA)(D +iC)~*

i(D+iC)=B+1iA
—C +1iD=B+1iA
~— A=D,C=-B.

and the presentation is inherited from Spy,(R) (cf. last page). It is easily seen compact and
isomorphic to the unitary group through A + ¢ B.

With this, it is clear that Hy = Spay(R)/U,. We can now prove that isomorphisms of PPAV
translate to the action of integer symplectic matrices on the Siegel upper half space.

Theorem 1.2.1. X, = X, <= 3IM € Spy,(Z) | Z' = M(Z).

Proof: ~ Proving the implication =, let X, = C9/L, X, = C9/L' PPAVs with period
matrices (Z,I) and (Z’, I) respectively. Suppose f is such that f(Xz) = Xz, i.e.

Q(Z',1) = (Z,1)R, (1.1)

with @ € My(C) representing f in C9 and R € My,(Z) representing it between the basis of the

lattices. Assume .
A B
n= (¢ p)
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then, rewriting (1.1), QZ' = ZA" + B" and Q = ZC" + D'. With this,
7' =7"=(A'"Z+BY(Q ") =(AZ+ B)(CZ+ D)™,

since A! is invertible given that f is an isomorphism. Furthermore, thanks to the principal
I I

polarization of X, and X, R! (_0[ 0) R = (_0] 0), so M = R' € Spyy(Z) is the matrix

we were looking for.

Conversely, we can see that M! is the representation of an isomorphism between X, and X

in terms of the lattice basis. O

With this result, we now know what to quotient out to get the desired moduli space.

Lemma 1.2.3. The isomorphism classes of principally polarized abelian varieties is in bijection
with the elements of

Ay = Hg/Sp2g (Z).

1.3 Structure and properties

The performed construction doesn’t directly show us if there’s convenient structure or algebro-
geometric properties. We now turn our attention to the study of these and their implications.

Thanks to the following theorem by Cartan shown in [5] we can endow A, with an analytic
space structure inherited from C.

Theorem 1.3.1. Let X be an analytic space, G a group with a properly discontinuous action on
X by biholomorphic transformations, and p : X — X /G the quotient projection. The structural
ring sheaf O defined at every open set U C X/G as

O(U) = {f : U — C|f o p is holomorphic in p~*(U)}
defines an analytic space structure over X/G.

To apply this theorem, we only have to prove that the action of Spy,(Z) on H, is properly
discontinuous. It turns out (and it’s actually more useful) that this is true for any discrete
subgroup of Spa,(R)

Proposition 1.3.1. Any discrete subgroup G C Spe,(R) acts properly and discontinuously on
H,

g-

Proof: We have to show that for all compact K, Ky C H, there are at most finitely many
M € G such that M(K;) N Ky # (. This is immediately true since H, = Spyy(R)/U, and the
projection p : Spey(R) — Spoy(R)/U, is a proper map because U, is compact. ]

With this we have

Theorem 1.3.2. The normal analytic space Ay is a moduli space for principally polarized
abelian varieties.
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This is satisfactory, but still we have a coarse moduli space. This means that there is
no universal family over A,. To solve this, a widely used approach is to consider additional
structure or information on each variety to further refine the moduli space. In this case, we
consider level n-structures.

Definition 1.3.1. A level n-structure on an abelian variety A = C9/L is fixing a basis of
HY(A,7Z/nZ) = Hom(L,7Z/nZ)
Remark 1.3.1. A level n-structure can be “forced” by dividing the period matrix by n.

This (for n > 3) collapses the nontrivial automorphisms that might appear, which would
mean that there are no nontrivial isotropy groups.

Proposition 1.3.2. Forn > 3 and X PPAV, then the subgroup of Aut(X) that fizes the lattice
mod n
{v € Aut(X) : v(x) = x mod nL Vx € L}

18 trivial.

Proof: By contradiction, suppose 1 # v € Aut(X) that fixes the lattice mod n. Then, its
order is finite and we can assume it a prime p simply by replacing v with a power of itself. Then,
1 — v =nyp with p € End(X). If A\, n nontrivial corresponding eigenvalues of 7, ¢ respectively,
A is a pth root of unity and 7 integer in Q(\) and we’ll have ny = 1 — A which by taking the
norm N in Q(\)/Q yields n?*N(n) = (1 — A)(1 — A?)... (1 — A7) = p as integers, which is a
contradiction since p prime and n > 3.

O

Since we’ve shown that H, was a moduli space for PPAV with a basis, we’ll now find a
group with which to quotient in order to identify the isomorphic PPAVs with level n-structure.

Suppose Z,7' € Hy, and ¢ : Xz — Xz an isomorphism of PPAVs respecting level n-
structure. Then, as in the proof of thm. [I.2.T] we can represent it through @ and R relative
to C? and the lattices respectively. We know that R € Spy,(Z) but by the n-structure condi-
tion of the morphism, the equality with representations is now Q(Z'/n,I/n) = (Z/n,I/n)R =
(Z/n,I/n) mod L, which is to say R* = I mod n.

Now, let’s take Z € H, and an R € Spy,(Z) s.t. R = I mod n. As in the mentioned
proof, we can interpret it as a representation of an isomorphism of PPAVs that respects the
level structure.

The subgroup that contains these matrices is what we’re looking for.

Definition 1.3.2. Forn > 1 the principal congruence subgroup I'(n) < Sp,,(Z) is defined
as
['(n) :=={M € Spay(Z) : M =1 mod n} = ker[Spay(Z) — Spay(Z/nZ))

Since it is a discrete subgroup, we’ve proven the first half of
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Theorem 1.3.3. The normal analytic space Ay(n) = H,/T'(n) is a moduli space for principally
polarized abelian varieties with level n-structure. It is a manifold for n > 3.

Proof: Since we’ve proved that n > 3 collapses the nontrivial automorphisms, the action
of I'(n) is fixed point free, therefore A,(n) is a manifold. O
Lastly, we mention a very important fact crucial for numerous calculations

Theorem 1.3.4. A, is a quasiprojective variety.

Since we've constructed A, analytically, realizing this is quite difficult. Fortunately, Mum-
ford gives a rather direct algebro-geometric construction of A, in which he uses GIT methods

to show that it is indeed quasiprojective.



Chapter 2

Modular forms and modular curves

We will now focus a little on the g = 1 case to develop theory on modular forms and modular
curves that can be generalized to higher dimensions. We will loosely follow [6], from where
we’ve taken some proofs.

2.1 Modular forms

Before we start, we have to define some important congruence subgroups that aren’t principal,
namely

Definition 2.1.1.

—
o
S
I
—N
| —|
Q
QL
| I
m
n
)
I\
—
N
S~—
| — |
o
Q>
—_
|

IR
= [O *] (mod n)}
Definition 2.1.2.

= ([: 3 e[ <y i it}

Remark 2.1.1. These subgroups satisfy I'(n) C I'y(n) C I'o(n) C Spa(Z). More generally,
a congruence subgroup I' is a subgroup of Spy,(Z) for which there is a finite n such that
I'(n)cT

Some useful definitions to speak about modular forms are
Definition 2.1.3. The automorphic factor j : Sps(Z) x Hy — C is given by (v, T) — cT+d,

where v = (Z Z)

Definition 2.1.4. The weight k operator [v|, for functions f : H;y — C is given by
F((r) =50y, 7) " f(A(7)).

In any dimension,

13
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Definition 2.1.5. Given a congruence subgroup I' C Spo,(Z) and an integer k, a modular
form of weight k with respect to I' is a holomorphic

F:H, —C

that for any Z € H, satisfies the automorphic condition

F(MZ) =det(CZ + D)*F(Z) YM = (é g) er.

When g = 1 it is also required that F' is holomorphic at the I' equivalence classes of Q U {o0}.
Definition 2.1.6. The I' equivalence classes of QU {oo} in Hy are called the cusps of I'.

Remark 2.1.2. Being holomorphic at the cusps is equivalent to f[a]x(z) being bounded as
Im(z) — oo for all a € Sps(Z)

Definition 2.1.7. A cusp form is a modular form for which f[a| has zero constant Fourier
coefficient for all a.

Definition 2.1.8. The space of modular (resp. cusp) forms of weight k with respect to I" is
denoted My (') (resp. Sk(T)).

Remark 2.1.3. Note that if —1 € T, the only odd weighted modular form is the 0 function.

2.2 Modular forms and elliptic curves

It is not irrelevant to define

Definition 2.2.1. An elliptic curve is a nonsingular algebraic curve defined by the polynomial
relation
y? = 2° + ax + b.

Equivalently,

Definition 2.2.2. An elliptic curve is an abelian variety with g = 1. Le., a complex torus
X =C/L with L=7Z+Z and T € H;.

Clearly, we are interested in the latter definition, but the first part of this section is dedicated
to proving this equivalence, and from there we will work towards relating these to modular
forms.

Definition 2.2.3. For even k > 2, the Fisenstein series is
Gur) = Y
Cizon T+

We also define go(7) = 60G4(7), g3(7) = 140G4(T).
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It is rather direct to check that
Proposition 2.2.1. The Fisenstein series is a modular form of weight k

Proof:  Gy(7) is holomorphic since it is absolutely convergent, and uniformly convergent
on compact subsets of Hy. Indeed, it is dominated by an absolutely convergent function, and
to check for uniform convergence on H; consider

lem +d* = [|T- (c.d)'|)?, T = (RG(T) 1)

Im(7) 0O
where || - || is the usual euclidian norm. Then, by singular value decomposition 7' = V.SW | so
for a radius r
inf |er+dl= inf |[VSW(c,d)'|| = s,
(e, d)l|l=r W (c,d)||=r

which is the first (smallest) singular value, which as a funtion of 7 is continuous and does not
vanish for 7 € H;. With this we can bound the series outside the radius as

Z let +d|7F < Z sTR(? 4 d*) 7R
ll(c,d)l|>r ll(c.d)l[>r

so the remainders converge locally uniformly, therefore the series converges locally uniformly
implying compact convergence and holomorphy.

Absolute convergence allows us to rearrange terms in the series, so the automorphic condi-
tion is easily checked. It also shows holomorphy at infinity since the absolute summands vanish.
m

Definition 2.2.4. The Weierstrass ¢ function with respect to a lattice L is a mero-
morphic L-periodic function given by

1 1 1
p(z)z;—i— Z (m—ﬁ), VZE(C.Z¢L
weL\{0}

with double poles at z € L, and its derivative
1
/
= -2 —_—
©'(2) > C_wp
Proposition 2.2.2. The functions o and @', generate the the field of meromorphic functions

of C/L. ILe. its meromorphic function field is C(gp, ¢').

Remark 2.2.1. Since p depends on a lattice L it is usual to write it as gy, or p, when 7 is the
period of L.

Definition 2.2.5. The generalized Eisenstein function is given by
1
weA\{0}

The generalized functions go and g3 are defined similarly as before.
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With these definitions we can state an important result that relates modular forms and
elliptic curves, both in the complex-toric and polynomial sense.

Proposition 2.2.3. Let g, as before. Then

(a) The Laurent expansion of @ is

o(z) = 1 - Z (n+ 1)Gpio(L)2"

for all z such that 0 < |z| < inf{|w| : w € L\ {0}}.
(b) The functions o and @' satisfy the relation
(¢'(2))* = 4(p(2))* — g2(L)p(2) — g3(L)
where g2(L) = 60G4(L) and g3(L) = 140Gs(L).

(c) Let L = wiZ + wiyZ and let ws = wy + we. Then the cubic equation satisfied by p and ¢,
y? =423 — go(L)x — g3(L), can be written as

y2 = 4(1’ - 61)(3: - 62)(3: - 63>7 € = p(wl/Q) fori=1,2,3.
This equation is nonsingular, meaning its right side has distinct roots.

Proof: ~ We will prove (b) as it is the most important part of the propositions for our
endeavor.

Using (a) we can directly calculate (p'(2))* — 4(p(2))* — g2(L)p(2) — g3(L) = O(z?) but
remember that these are holomorphic and L-periodic, which implies that it’s bounded then
constant, then 0 since O(2?) — 0 when z — 0. O

This implies that we have a bijection z — (p1(2), }(2)) from C\ L points to elliptic curve
points. We can extend it sending lattice points to the point at infinity. So in sum, for a lattice
L we have a bijection (g, ¢} ) from the complex torus to an elliptic curve.

Remark 2.2.2. This map also transports the group law from the torus to the curve, and the
classical construction of three points on secant or tangent lines to the curve adding to zero
correlates to the torus addition.

We have shown that, given a lattice, we can find a related elliptic curve. Now, let us show
that

Proposition 2.2.4. Given a nonsingular elliptic curve
B y* =42° — ayr — a3, a3 —27a3 #0
there ezists a lattice L such that ay = go(L) and a3 = g3(L).

To prove this proposition, we will need to define
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Definition 2.2.6. The modular invariant j is defined as

(92(7))°

= & T I 21

And an important theorem

Theorem 2.2.1. The j invariant is holomorphic, surjective, and invariant under the action of

Spo(Z).

With an ingenious proof by Cox in [4] (thm. 11.2).

So, we prove prop. [2.2.4] as
Proof: Assuming, as, az # 0, since j is surjective, there’s 7 € H; such that

; (g2(7))° a
= 1728 = 1728 —2
I0) = T N — e g gl
this means
as a3

g2(T)®  gs(7)?
So if we take L = z217Z + 297 with z; = T2z, then

g2(L) = 23"g2(7) and  gs(L) = 2 gs(7)-

So we need 25 such that

Zo = and 2z, %= @

2 = 2 = :
93(7)

Given the equality from the j invariant, we choose 2, satisfying z; '
with the option to replace zo with izs.

2

3
_ a —6 __ a
= moyp and 27 = £

2mi/3

In the case of a; = 0, g, vanishes at e so the lattice is

a3
() Lo

and if ag = 0, g3 vanishes at ¢ so the lattice is

(gj(Qi)) -

2.3 Modular curves

As before, we can construct moduli spaces purely for elliptic curves, and for enhanced elliptic
curves with additional data. In this case, we employ the congruence subgroups I'g(n),'1(n)
and T'(n). For this, we need
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Definition 2.3.1. The Weil pairing e, on the torsion group En| = (wi/n+ L,ws/n+ L) is
defined as |
en: Elnl x En] = pn, (P,Q)— e2mill/n

Pl |wi/n+L

Q| =7 wa/n+ L
Remark 2.3.1. ¢,(P,Q) € p, = {z € C2" =1} \ {1} if E[n] = (P, Q)
Definition 2.3.2. We define:

where 7y is such that

1. An enhanced elliptic curve for I'y(n) is a pair (E,C) of an elliptic curve and a cyclic
subgroup of E of order n. Two pairs are equivalent when there’s a morphism that respect
these featured subgroups. The set of equivalence classes is denoted Sp(n)

2. An enhanced elliptic curve for I'1(n) is a pair (E,Q) of an elliptic curve and a point
of E of order n. Two pairs are equivalent when there’s a morphism that respect these
featured points. The set of equivalence classes is denoted Si(n)

3. An enhanced elliptic curve for I'(n) is a pair (E,(P,Q)) of an elliptic curve and
a pair of points of E that generates the n-torsion subgroup Eln| with Weil pairing a
primitive root of unity. Two pairs are equivalent when there’s a morphism that respect
these featured pairs of points. The set of equivalence classes is denoted S(n)

On the other hand, we define

Definition 2.3.3. For a congruence subgroup I' the modular curve Y (I') is the quotient space
Y (T') := Hy/T.

We write Yo(n),Y1(n),Y (n) for the modular curves for the noted respective congruence sub-
groups.

Note 2.3.1. Throughout this section we’ll call the quotient projection 7 : Hy — H;/T" = Y (I)

Each of these defined moduli spaces and modular curves are in bijection, and proving this
is merely checking that the extra data for the curves match the definition of the congruence
subgroups.

The modular curves Y (I') can be endowed with geometric structure becoming Riemann
surfaces that can be compactified into X (I'). The topology is evident since we've proved
that all discrete subgroups of Spe(Z) act properly and discontinuously. So Y'(I') is naturally
Hausdorff. Unfortunately this is not enough since there can be (finite) elliptic points

Definition 2.3.4. Let I' be a congruence subgroup. For each point z € Hy, let I', denote the
isotropy subgroup (stabilizer) of z. A point is called elliptic for T' if I, is nontrivial as a
transformation group, i.e., contains more matrices than just I and —I. Its corresponding point
i the modular curve is also called elliptic.
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These points are in some sense dual to the cusps, since to construct charts on Y(I') we
have to specially treat elliptic points, and to compactify Y (I') by adding the cusps and building
charts on them we go through an analogous process. Let’s start by the former with an important
proposition.

Proposition 2.3.1. The isotropy subgroups I', are finite cyclic.

This proposition is not trivial, in fact Diamond & Shurman in [6] devote an entire section
(2.3) to proving it. This proof relies on realizing that any isotropy subgroup I'; must be a
subgroup of Spy(Z)., and that there’s only 2 elliptic points for Sp,(Z), namely, the classes of
i, and the primitive third root of unity.

From the proposition it makes sense to define

Definition 2.3.5. The period h. of z is given by the positive integer
= ({1} /{1

With this, building neighborhoods for points is summarized as follows:
For a point z € Hj, find a neighborhood U such that Vy € T, if v(U) N U # () then v € T',.
Which exists by cor. 2.2.3 in [6]. Then,

1. Use the map 9, = (% :g) that sends z — 0 and Z — oo. The isotropy subgroup
of 0 in the conjugated transformation group (8,{+I}I'0;1)o/{%I} is the conjugation
8, ({£I}T,/{£I})6;! so it is finite cyclic and can be identified with integer rotations

about the origin, so J, can be interpreted as “straightening” neighbourhoods of z.

2. Use the map p. given by p.(7) = 7" to send the “straightened” neighbourhoods to C
respecting quotient projection 7 identifications. This can be interpreted as wrapping the
circular sector around the origin through the A,-th power map.

Since m and p identify the same points, there’s an injection ¢ such that pom =1 :=pod,.
» must also surject, since ¥ does, and furthermore ¢ is a homeomorphism since both 7 and
are open and continuous.

To check holomorphism of transition maps, for overlapping charts (7(Uy), ¢1), (7(Us), p2)
and x in the intersection, checking holomorphy of transition maps reduces to checking holomor-
phy of ¢o1 := 20 1|1, in a neighbourhood of ¢1(z) in Vi s := ¢1(7(Ur) N 7(Us)). By the
transitivity of the I" action, there’s a v € I' such that we can write x = 7(z1) = 7(22) = 7(y21)
with z; € Uy, 29 € Us. If Uy g := Uy Ny~ Uy, w(Uy2) is a neighbourhood of z, and ¢y (w(Uy2))
is a neighbourhood of ¢ (z).

Then, assuming ¢;(x) = 0 we will apply @2 to ¢ == ¢1(2) = (m(2))) = ¥(2') = (6:2)8
where hy is the period of z; for some z € Uy If 2} is such that 9(2}) = 0 and hy its period,
the image is

0a(2") = pa(m(v(2"))) = Y2(v(2")) which is defined since y(z') € U,

= (02(v(2))" = (82707 1) (61(2")))"
= (62707 ") (g"/" )
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So this could be possibly non holomorphic when 7 is elliptic, but in that case, 7 will be
elliptic with the same period. The conjugation (do7yd; ') above is a diagonal matrix with entries
a, B € C so the map

h
a 0
q ({0 5} (ql/")> = (a/B)"q
is clearly holomorphic.

To proceed in the compactification process, recall that cusps are equivalence classes of
Q U {oo} so we will construct
X(I) := Hy/T

where Hf = H; UQU {oo}. And we will denote the compactification of Yy(n),Yi(n),Y (n) as
Xo(n), X1(n), X(n) respectively.

As suggested before, this compactification requires additional treatment. Our first stop is
adding open sets a(N,, U co) with a € Spa(Z) and N,,, := {7 € Hy : Im(7) > m} and the
resultant topology in H; induces a quotient topology on X (I') for which we can extend the
projection into 7 : Hf — X (I'). The modular curve with this topology is Hausdorff, connected,
and compact (prop. 2.4.2 in [6]).

The before constructed charts don’t change, so we are only missing charts for cusp neigh-
borhoods. For a cusp s, we can choose a ds € Spy(Z) that maps s — co. We define the width
hs of s as

hs = [Spa(Z)oo/ (O {HIIT; oo | -

The construction process in this case is as follows

1. Take o5 which “rectifies” the neighbourhoods of s and separating equivalent points in
equispaced strips.

2. Take p(z) = e?™#/" wwhich rolls the strip into an infinitely long cylinder and looking
through it in perspective we get a disk with the infinity point at the center.

So, analogously, in this case ¢ = p o d5 and there also exists a homeomorphism ¢ : 7(U) — V
where U = 0, (Ny U {oo}) and V = Image(¢)). Still analogously, transition maps are holomor-
phic too.

With these constructions, we’ve now endowed the compact modular curve X (I') with a
Riemann surface structure.

2.4 Dimension formulas

In this section we look at several dimension formulas for modular curves, given their Riemann
surface structure.
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2.4.1 Genus

Theorem 2.4.1. Let ' be a congruence subgroup of Spe(Z). Let f : X(I') — X (1) be the
natural projection, and let d denote its degree. Let €3 and €3 denote the number of elliptic
points of period 2 and 3 in X(I'), and e the number of cusps of X(T'). Then the genus of
X(T) is

Proof:  (Sketch) we use the Riemann-Hurwitz formula for f knowing that the genus of
X(1)is 0. O

2.4.2 Meromorphic differentials

This subsection relates automorphic forms (a kind of modular form) to the differential structure
of the modular curve.

Definition 2.4.1. An automorphic form f of weight k with respect to I' is a weight
k T'-modular form in which the holomorphism requirement is relaxed to meromorphism. The
order of [ at a cusp s is defined as vs(f) = voo(flax), a(oo) = s where v,(f) at a non
cusp z s the usual order of vanishing of f at z. The set of automorphic forms of weight k with
respect to I' is denoted A (T")

Extending this definition of vanishing to the modular curves may not make much sense, so
it requires some workaround. Viewed as a function on X (I'), the following definitions follow
from examining f’s Laurent expansion in local coordinates.

Definition 2.4.2. For an automorphic form f of weight k with respect to I' we define:

1. The order of f at a non-cusp 7(2) of period h is

2. The order of f at a cusp w(s) of width h is, for any o € Spa(Z) such that a(o0) = s:

o) vs(f)/2 if (@' Ta)o = (— (4%7)) and k is odd,
Vr(s =
) vs(f) otherwise.

Remark 2.4.1. One can see that these orders are integers for regular points, but may be half
or third integers for elliptic points, and half integers for some cusps. Note that the condition
for half-integrality does not depend on f, so cusps that meet this are of interest. Such cusps
are called irregular, and those who don’t are regular.

Definition 2.4.3. Let V' open in C and n a natural number. A meromorphic differential
on V of degree n is an element of Q" (V) = {f(q)(dq)™ : f meromorphic} with q the V-
variable.
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Remark 2.4.2. This is a C vector space with expected sum and scalar multiplication. The
direct sum over all degrees forms the ring (V') under expected differential multiplication.

A chart change ¢ : V; — V5 induces a pullback of meromorphic differentials:

" (f(q2)(dg2)") = f(0(q1))( (@) (dg1)"

i.e., a change of variables. With this we can glue local differentials along a Riemann surface X
SO

Definition 2.4.4. A meromorphic differential on X of degree n is a collection of degree
n local meromorphic differentials

(wj)jes € H Qo (V;)

which is compatible in the sense that the pullback of chart changes on each local differential
gives the expected local differential in the changed chart. The set of meromorphic differentials
on X of degree n is denoted Q%" (X) is also a vector space and its sum over n is a ring.

With this, we see that the pullback of the natural projection = : H; — X(I') gives us a
mapping of meromorphic differentials. This is given locally as

7T*(W)‘Uj - ¢;(wj‘ijj))
where Uj,1); are as in the charts we’ve constructed before. Again gluing these differentials,
we get the pullback differential 7*(w) = f(7)(d7)™. One can calculate that this is well defined
globally, with f an automorphic form of weight 2n with respect to T.
Through similar calculations we can ultimately prove that
Theorem 2.4.2. Let k € N be even and let T be a congruence subgroup of Spa(Z). The map
w: A (T) — Q22X (T))
f = (wj)jes where (w;) pulls back to f(7)(dr)** € Q¥*2(H))
s an isomorphism of complex vector spaces.

To prove this we again refer the reader to [6] (thm. 3.3.1), where this map is constructed.

This isomorphism is of much importance, and results of this kind are what are used in
higher dimensions to relate moduli spaces and (analogues of) modular forms.

With these forms, we can now define (canonical) divisors to apply all of their rich theory,
and in particular the Riemann-Roch theorem.

Theorem 2.4.3. Let X be a compact Riemann surface of genus g. Let K be a canonical divisor
of X. For any divisor D of degree 0, we have

(D) = deg(D) — g+ 1+ I(K — D),

where ((D) is the dimension of the complete linear system of D.
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We can immediately deduce the following

Corollary 2.4.1. Let X, g, K, and D be as above. Then

(a) (K)=gy.

(b) deg(K)=2g—2.

(¢) If deg(D) < 0 then £(D) = 0.
(d) If deg(D) > 2g — 2 then ¢(D) = deg(D) — g + 1.
Using these properties with care, it can be proved that

Theorem 2.4.4. Let k be an even integer. Let T be a congruence subgroup of Spe(Z), g the
genus of X(I'), e the number of elliptic points with period 2, €5 the number of elliptic points
with period 3, and €s, the number of cusps. Then

F=D(g-D+[fe+[fatia ifk>2

dim(M () = ¢ 1 if k=0,
0 if k<0,
and
k=Dg-D+ |5 e+ |Elat+(E-1) e ifk>4,
dim(Sk(I) =< g if k=2,
0 if k <O0.

For odd k the argument is modified due to clashes with —I and the absence of period 2
elliptic points, but it is essentially analogous

Theorem 2.4.5. Let k be an odd integer. Let I be a congruence subgroup of Sps(Z). If T
contains the negative identity matriz —I then My(T') = Si(T') = {0}. If =1 ¢ T, let g be the
genus of X (I'), €3 the number of elliptic points with period 3, €9 the number of reqular cusps,
and € the number of irreqular cusps. Then

(k=1D(g—1)+ |5] es+ Eerw+ (B2L) e if k> 3,

dmmMAD):{O if k<0,

and
dim(S,(T)) = 4 K~ D= D+ 5] e+ 552er0 + (551) e if k > 3,
0 ifk <0,

If €9 > 29— 2 then dim(My(T)) = €2/2 and dim(Si(T)) = 0. If €2 < 29— 2 then
dim(M1(I')) > €29/2 and dim(S,(T)) = dim(M;(I')) — e1/2.

These dimension formulas are the basis for multiple calculations, and the machinery used
to get to them sheds light on general methods to derive results about dimensions in moduli
spaces.
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Chapter 3

Kodaira dimension of Ag

In the same spirit as last chapter, we now review the process to calculate dimensions in the
moduli of principally polarized abelian varieties using general modular forms. In particular,
following [Tail982] we will prove the following:

Theorem 3.0.1. A, is of general type for g > 9.

We will now introduce the definitions of plurigenus, Kodaira dimension, and general type
to better aim at the results we want to show.

Definition 3.0.1. The m-th plurigenus of an n-dimensional algebraic variety X over a field
k is
P (X) = dimy H*(X, w§™)

where wx is the canonical line bundle of n-forms.

Definition 3.0.2. The Kodaira dimension of X is —oo if the plurigenera are all zero, and
the minimum k such that P,,(X)/m* is bounded otherwise.

Remark 3.0.1. The Kodaira dimension can therefore be —oo or an integer between 0 and n.

Definition 3.0.3. We say a variety is of general type when its Kodaira dimension is maxi-
mal.

3.1 Extending forms

For the rest of this chapter, let 2, = 2,1 » now denote the space of modular forms of weight
k(g +1) and

Given f(Z) € 2y, its modularity makes f(Z)w®"® invariant under Spo,(Z), so it is a canonical
k-fold form on AS : the smooth locus of Ay, which corresponds to non-elliptic fixed points for
g < 3, otherwise the non-singular points. We want to extend these forms to the cusps in a
compactification. We now define

25
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Definition 3.1.1. A modular form f(Z) vanishes at infinity of order m, if for all Fourier-
Jacobi expansions of f(Z):

_ 2mitr(SZ) _ (T w
— ZQS<T7w)€ ) Z = (wt Z) )

where the block shape of T isn’ x n', w is n' X n, and z is n X n satisfy

S) = h S) = mi 'Sz,

ggl;r(l)u( )=m where p(S) oin =Sz

Os is the Fourier-Jacobi coefficent with matrixz index S as defined in [11] running through n xn
semi-integral, positive or semi-positive matrices

Remark 3.1.1. Every modular form has such a Fourier series thanks to the holomorphy con-
dition for ¢ = 1 and the Koecher principle for g > 2.

We'll reenact the toroidal compactification construction of A,, A, developed in [1]:
Let ' = H,  be a boundary component of H,,
N(F) : the normalizer of F' (i.e. the elements that fix F' under conjugation),
U(F) : the center of the unipotent radical of N(F),
U(F)z = U(F) 1 Spay(2),
D(F)=F x C"*" x U(F)c,
C(F) : the cone of n x n positive definite symmetric matrices,
{04} : a GL,(Z)-admissible decomposition of C'(F'),
(Hy/U(F)z)o, : the interior of the closure of H,/U(F)z in (D(F)/U(F)z)o.,-
By the main theorem in [1], there’s a compact analytic space Zg and open analytic mor-
phisms 7p : (H,/U(F)z),, — A, such that

1. A, is an open dense subset of Zg
2. every point of A, is in the image of the maps 7.

We also define A_g as the open subset of A_g such that 7z are unramified for all F. With
this,

Theorem 3.1.1. f(Z)w®* defines a k-fold canonical differential form on A_g if f(Z) vanishes
at infinity of order > k.

Proof:  We just need to check at H,/U(F)z — (H,/U(F)z),, if fw®" extends. By thm
4.1.1 in [1] fw®* extends if for all Fourier series of f(Z), 05 # 0 = tr(SX) > k for all
integral (semi) positive matrices X.

We can prove the trace restriction thanks to a result by Barnes and Cohn [2]

Lemma 3.1.1. For a fized S, tr(SX) attains its minimum at rank one X, i.e.,

min  tr(SX) = min r(SX) = u(S).
X integral X=aztz
(semi)positive 0#£x€L™
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[
We can reduce the theorem to just checking the coefficients with integer index at the highest
dimensional cusp:

Theorem 3.1.2. For Z = <;t IZU) with the top blocks having g — 1 rows, and the left blocks

having g — 1 columns, f(Z)w®* can be extended to /_12 if in the Fourier-Jacobi expansion of
f(Z) over the highest dimensional cusp:

_ Z@m@_’ u])627rimz7
0, =0 form < k.

Proof: For any Z € Hy, A € R define Z, € H, by
(Z/\)jk = Zjk (j, k) # (9,9)

(Z))gg = Zgg + A

Consider any Fourier-Jacobi expansion of f(Z)

mitr(Sz’ W
- Yo,z (1),

where the 7" block is n’ x n’ and the 2’ block is n x n. If minggo p(S) = [, then

hl’Il f 27rz)\l E 95 7_ w 2mtr Sz)
S"lnil

But if [ < k, since 60, = 0 for m < k, we have

lim f(Z/\)BQWMl -0 — Z 95(7_/’ w/)€2m’tr(5’z/) —0

A—00
Snn=l

= fO5(7,w') =0 for all S such that S,, =1
— O5(7',w') =0 for all S such that u(S) = 1.

Since p(S) =1, 3U € GL,(Z) such that S[U],, = [ and s = fgy. This contradicts the
definition of I, hence [ > k or f vanishes at infinity of order > k, fw®* is extendable to A_g by
last theorem. O

3.2 Dimension formulas

In this section we prove asymptotical relations for the dimension of 2, and the space of Fourier
coefficients.
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Proposition 3.2.1. For a fized g and large k, dim 2, ~ 23(9-D(9-2) ‘. (j;jp!Bj[(g—l—l)k]%g(gﬂ)
where B;’s are Bernoulli numbers:

2.
_1_Z J+1

Proof: Let T'(1) = Spo,(Z)/{£I}, T =T(1)/T(1), As(1), Sk(l) : the spaces of I'(l)-modular
forms and cusp forms of weight k(g + 1) on H,.
Note that I" acts on (1) and Sk(l) as follows:

V' F(Z) = F(Z2)(CZ + D)| Mo+

C D
suming I'() is neat, we can apply Mumford’s extension of Hirzebruch’s proportionality principle
from [10] to compute

for v = (A B) € Spay(Z). Then Ay, = Ap(1)F : the modular forms in Ap(1) fixed by T'. As-

dim Sy (1) ~ dim Ay (1) ~ 27 N9 NFEN [T (1) - T(1)]Vr Y

where N = g(g +1)/2, and V, : the Siegel symplectic volume= 29°*+17N [T, (j;j})!Bj.

To study the dimension of Sy, we now apply Hirzebruch’s method of [8]. Note that
dim Sy = dim S}, (1) Ztr ¥*|Sk(l)
'yeF
By the Atiyah-Bott fixed point theorem,
tr(y*|Sk(1)) = (a polynomial in k of degree < dim Fix(7)).

where Fix(y) is the space of points fixed by the action of 7. So, for v # I, tr(+*|Sk(l)) doesn’t
contribute to the leading term of dim Sy, therefore

1

dim A, ~ dim Sy, ~ m

dim Sy (1) ~ 27N 79D NFENY =N

[
Now we look closely at the Fourier coefficients of modular forms at cusps.

Proposition 3.2.2. Suppose f(Z) € A and has the Fourier-Jacobi expansion (as in thm.

= ng(77w)€2ﬂ'imz’ 7 — (T 'UJ) ’
w z

at the highest dimensional cusp then 0,,(T,w) satisfies the following:

1. O (T, w0 + TNy + ng) = Oy (7, w)e 2rmmiTmt20iw) o e 7971 Gle., for fited T, O, is a
theta function of degree 2m in w.
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2. O (1, —w) = 0, (T, W)
A B
3. Ify= (C’ D) € Spag—2(Z), then
O (Y7, (CT 4 D) "'w) = O,y (7, w)e2™me(CT+D)Cw| (O 4 D)[Flo+D)

Proof: Consider the following matrices and their transformations on the Z blocks:

tw, 1 tn, O t t t
"= 0 0 1,4 —m (T,w, z) = (T,w + TNy 4+ na, 2 + NNy + 2njwW — Nyny)
0 0 1
]éfl 0 O 0
= o0 -0 0 (T,w, 2) — (T, —w, 2)
Y2 0 0 ]g—l 0 y W ) s
0 0 0 -1
A0 B O
Y3 = 0100 (7‘ w Z) — (’yT (CT + D)*tw o — wt(CT + D>71Cw)
C O D 0 ’ ) ? )
0 0 0 1

Apply the automorphic condition to these three elements and f to prove (1),(2), and (3)
respectively. O
We now define

Definition 3.2.1. H,,(I) = H, (1) is the space of holomorphic functions 6(r,w) on H, x C9
such that:

(61)  O(T,w+ Tny + ny) = O(7, w)e 2mmmTmAiw) oy ) e 79

(92) 9(7'/’ w/) _ 9(7_7 w)€2mU’|OT + D|k(9+1)
where h

(7', w') = (A7 + B)(Ct + D)™ ', (C7 + D) 'w)

U = miw'(Ct + D) 'Cw.

By the recent proposition, we see that 6,,(7,w) € ]:Ig_l’m(l)even.

Let
@ |:Z/:| (T,w) = Z e?wi(%(n+a)t7’(n+a)+(n+a)t(w+b))

nez9
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with

1
yw) e HyxCY a,be —7Z5.
(1,w) 9 a 5
(the Riemann theta function). It is a known fact that the Riemann theta functions

e {g] (2m7,2mw) span the Jacobi theta functions of degree 2m by varying a over the set

of representatives of 3-79/79, so let’s look at

A B

Proposition 3.2.3. For (1,w) € H, x C%, a,a* € 5-79, (C D

) € Spay(Z), we have

o m (", w*) =V (CEm) T+ D2 Y uga® m (7, w)

a mod Z9

where
(7%, w*) = (2m(A7 + 2mB)(CT + 2mD) ™', 2mt(C7 + 2mD) w)

U* = mit,(Ct + 2mD) " 'Cw
and Ug+q 18 a constant unitary matriz of degree (2m)9.
Proof: Follows from transformation laws of theta functions ]

If we define O(r, w) = (@ B] (2mr, 2mw)> , the next result follows

a€5—179/79

Corollary 3.2.1. Ify = (g f)) € Spag(Z) then

—

O(r',w') = V' |Cr + D|%p(7)@(r, w)
where T/, W', U’ are the same as in (62), p(7y) is a unitary representation of v € Spey(Z).
These results play an important role to prove another piece of the puzzle
Proposition 3.2.4. For large k, dim H,,(1) ~ (2m)? dim 2},

Proof: Assuming that I'(1) is neat, we compute dim H,, (1) as follows: let 8, (7, w) € Hy (1),
then we can write 8,,, as

—

O (T, 0) = Z f[g](T)@ [g} (2mr, 2mw) = F(1)'6(r, w)

where F(7) = ( f[g} (7)) is a holomorphic vector valued function in 7. By (f2) and the previous

corollary we have

For) = sl Finler + D™, o= (& D) et .1

Now consider the following:
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1. The action of v € I'(I) on H, x C@™ given by (1,w) — (y7, p(y)"tw), v € T'(I) defines
a vector bundle on A,(l) extendible to a vector bundle W; on X = A/(() of rank (2m)?
by construction.

2. The action of I'(l) on H, x C given by (1,w) — (y7,|CT + D|2w) defines a line bundle
M on X

3. Let L be the line bundle on X corresponding to the cusp forms of weight k(g + 1).
4. Define V=W, @ Lo M~!

So, we see that H,,(l) = T'(X,V})

Indeed, note that relation |3.1]is “almost automorphic” in the sense that if the highlighted
factors disappeared this would be indeed a vector automorphic condition and F would be a
vector cusp form. So, the sections of the tensor product V; represent cusp forms (L) with a
p(v)~" factor (17;) and the inverse of the square root of a |C'r + D| factor (M~!). Considering
this, and the Riemann-Roch theorem, we have:

S (= 1) dim H'(X, Vi) = {ch(V}) - Td(X)}[X]
= (2m)9{ch(L ® M) - Td(X)}[X]
= (2m)? ) (-1)'dim H'(X,L® M)
Extracting the first and last members of this equality, we note that, for big enough k,
Vi®o Kyt and L® M~'® K5' are quasi-positive in the sense of Grauert and Riemenschneider

in [7], and by their vanishing theorem, H*(X,V;) and H (L ® M~') = 0 for i > 0. So we're left
with

dim H,,(1) = dim H°(X,V}) = dim H°(X, L ® M~1)(2m)? ~ (2m)? dim ().
To find dim H,,(1) recall T and consider its action on H,, (1) by
0(r,w) — 0(7', w")e 2™V |C'r 4+ D|~ko+D

with 7/, w’, U’,~v are as before.

Replicating the argument in prop. [3.2.1

dim (1) = dim f,,(1)" = ‘% S te(y (1)

and tr(v*|H,,(1)) is bounded by (2m)¢ times a polynomial of degree < dim X7, showing ulti-
mately that
~ 1

dim H,,(1) = % i (1) ~ 5 (2m)? dim 2 (1) ~ (2m)" dim 2
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Corollary 3.2.2. dim H, ; (1) ~ (2m)?~" dim 2, .

Now see that, since by prop. the Fourier coefficients are in H, ;(1)®** and 3% _ (2m)9~!
29-1. %g, by the previous corollary and prop. [3.2.1, we have

g— 1

~ 1 kg 1 1
dim H. . 1)even ~ _2g—1 A 27 1 =(g—1)
S dim (1) 22 [TV 1)

J=1

The ratio dim 2/ Y, dim Hy 1 (1) is k-asymptotically equal to r, := 29—;Bg(g+ 1)9, and
by numerical calculation we get table

Table 3.1: Numerical calculation for r,
Ty
0.0250000
0.0126984
0.0124008
0.0194805
0.0447609
0.1414486
0.5883277
3.1157102
20.470239
163.38885
1557.2931

— = =
Do 8 ©oo~o ok wiofe

Since By = (Q(W)Q)gg (2g), with the usual Riemann zeta, we can check

By _ (29+2)(29+1) ¢(29+2) ) Tor1 _ <g + 2>g 9+2 By

By (2m)? ¢(29) rg g+1/) 4g+2 B,
from this is direct that r, is increasing and r, — oo when g — oo growing faster than a9 for
any a. Since we know how to extend forms to cusps by thm. |3.1.2) we have:

Theorem 3.2.1. For g > 9, dimF(A_g, (QV)®F) ~ kN, where N = 3g(g + 1), and ¢ is a
positive constant.

We can now deduce:

Theorem 3.2.2. For any positive integer a, there exists f(Z) € Uy, with order of vanishing ak
at infinity if g is sufficiently large.

Proof: By prop. and cor. |3.2.2

dim A, . ﬁ g Ty
S dimHy g, (1)ver Y \ak)  af

but for g sufficiently large r, > a¥. O]
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3.3 Extension over quotient singularities

In the following I' is a finite group acting linearly on C¥, X = CV/I". If v € I, () = the cyclic
group generated by v, X, = CV/(v). Let X, X, be the non-singular models of X and X.,,.
This first result proves that we can reduce to the cyclic subgroups:

Proposition 3.3.1. Given n a pluricanonical form on C» invariant under ', then n extends
to X if and only if 7 extends to X for every v € T'.

Proof: By negation, if  does not extend to X, then 1 has poles at certain exceptional
divisor F € X'\ X. Let’s normalize X with respect to the rational function field of C¥ and call
that Y. Let D" a component of the preimage of D in Y. The subgroup for which its action is
the identity when restricted to D’ has to be cyclic, therefore it’s generated by a single element,
say, 7. Let U a y-stable open set. Then, U N D' # () and the map U/(y) — X is unramified.
Then 7 is holomorphic in U but has poles in U/(y). So 1 does not extend to the resolution of
X,. Reversing this argument proves the converse.

O

Now we know that we can restrict to an arbitrary I' = (). Assume v acts on CV by

VZy, .. Zy) = (250 Zy, eV Zy), SieQ, 0<S;<1

and let X = CV/(v), X be a resolution of X. X and X can be described by torus embedding
as follows:
Let 0 = {ZZN:1 Aiei | i > 0} ,e; € ZN  assume that e, e, ..., ex generate a lattice L such
that
Z" | L = the cyclic group generated by Sie; + ...+ Syey.

Then in terms of torus embedding of [9]

~CV/ () =

Let Xy,,) : the toric resolution of X, by decomposing o into the unit simplices, i.e., each face
of o, is generated by a part of a basis of Z".

Proposition 3.3.2. Given n a y-invariant pluricanonical form on CY, then n extends to X (s,
if

(e )fuSi} +{uSe} + .. +{uSn} = 1
for 0 < u < m where {-} denotes the fractional part function and m is the order of v; the least
common denominator of the S;.

Proof:  Let’s write n = f(Zy,...,Zn)(dZy N ... NdZy)®* and {ZF,...,Z%} the local
coordinate system defined by o,, then

(dZy A ... N dZy)P*
(Zy,..., Zn)F
(dZF N ... NdZ3)%*

7’]:g(Z1,...,ZN)

=9(Z1,.., Zx)
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where ordz g > k. 1 extends to X, if ordZ;g > k for all j.
When Z7% corresponds to a vertex v = Y \je; € Z" of 0, with \; € @8“ , then

ordz: g(Zy,...,Zy) = Mordz g+... + Ayordz, g
> (>\1+...+)\N)k.

so we can extend 7 to the toric resolution Xy, if for each «, at each vertex v as above:
M+ ...+ Ay >1
but since v € Z¥ and Z" /L is generated by Sie; + ...+ Syen, we have
v =pe; + ...+ pyey + p(Sier + ... + Syen)

where yi;, o are non negative integers. So A\; = p; + uS; and > A; > 1 for 4> m or p =0 on
the other hand,

>N = A{uSih+ ..+ {uSn}

Therefore if (x) is true, then we win. O

Let v € T" which acts on CV with a fixed point 2 and an induced tangent space action given
by e*™i with 0 < S; < 1 € Q. We write the pairing {v,z} = > S;. Combining the last two
propositions it is proven that:

Theorem 3.3.1. Given n a I-invariant pluricanonical form on CV, if T' is finite and acts
linearly on CN, then n extends to a non-singular model of CN /T if for every non-identity
v €',z € Fix(y) the pairing {~,z} > 1.

3.4 Extensions over elliptic points

We’ve studied the elliptic points of A1, now we’ll prove a useful lemma that characterizes elliptic
points of A, with our north being finding a way to extend forms over these.

Lemma 3.4.1. For Z € Hy,v € Spay(Z) such that vZ = Z, in the local coordinate system
(xi;) around Z, v is given by
T — 0wy

with n an mth root of unity, m = ord(y), and t;,t; € Z.

Proof: v fixing Z means that there is an a; € Spyy(Z) such that a;ya;' = (_AB i)
with A +1¢B € U,. So, there’s an U € U, such that

t1

U
U'(A+iB)U =A = YA

n's
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IfU =V 4+«W with V, W real, let

(VW =
=\_w v) T \o I

then a = azasa; sends Z to 0 in CI9+D/2 and aya™! = (/8 A(ll) with its action around 0

given by
O

Proposition 3.4.1. Given Z € H, and a non identity v € Spa,(Z) that fives Z then {y,Z} > 1
for g > 5.

Proof:  Consider the three following lemmas, with ¢ Euler’s totient function.

Lemma 3.4.2. For a positive integer m not 1,2,3,4, or 6, r = ¢(m)/2, ty,...,t, positive
integers such that

0<t; <m, (t“m)zl Vi
ti #xt; (modm) for i#j
then

N ET

Proof: WLG, we fix . Since t; and ¢; are incongruent mod m, we can bound

ti+t; 1 , 1

By hand we can check that the RHS of the inequality is > 1 for all m except 2, 3,4, 6,8, 10, 14.

But for m = 8,10, 14 the LHS is still > 1. O]
Lemma 3.4.3. Given v fizing Z, v is conjugate to </8 A(L) and
A1
A\ = - 7 )\j — 627ritj/m.

Ag
If (tj,m) =1 for some j and m # 1,2,3,4,6, then {v,Z} > 1.

Proof: Since the characteristic polynomial of v has rational coefficients, all the conjugates
of \; over Q appear either in A or A™!, so by the previous lemma

ti + 1
{(rn2}=) —*>1
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Lemma 3.4.4. Given v that fixes Z conjugate to (18 A(L) and all the \; appearing in A
have orders any 1,2,3,4, or 6, then {v,Z} > 1 for g > 5.

Proof: 1f ord)\; = 6 for some j, and \;\; # 1 for i # j, then {7,Z} > (24+¢9—1)/6 > 1 iff

g > 5. If \jA\; =1 for some i # j, then {v,Z} > 2/6+4/6 > 1. For orders 2,3,4 {y,Z} > 1
for g > 3.

[

[

3.5 Extensions over cuspidal singular points

In this final section we finish the treatment of the problematic points to extend forms in Zg to
the desingularizations over the singular points in A, — A,.

Consider a boundary component F' = H,y of H;, 0 <n’ < g,andn=g—n'. If y € N(F)r
the normalizer of F', then we can write

A 0 B By

| A1 U Bai B
Tl c 0o D Dy (3.2)

0o 0 0 U

where U € GL,(R), ~' = (é g) € Spow (R).

Recall the defined elements involved in the toroidal compactification U(F'), T(F'), C(F),
D(F), (Hf/U(F)z)s,, and 7p.

We remember

D(F)=F x V(F) x U(F)¢ = {(VTW VZV) TeEFWEeV(F)=C"" Z¢ U(F)C}

(Hg/U(F)z) {04 : the interior of the closure of Hy/U(F)z in (D(F)/U(F)z){su}
(Hy/U(F)z){0ay — A, and Zg : the subset of_Zg where 7 are unramified.
With these constructions, we can write yo € A, — A, as

yo = 7r (10, Wo, Zo + 000) (3.3)
where 7o € F, Wy € V(F), Zy € U(F)¢, and Zg : Zy’s image in T(F). Zy + ooco is the ideal

point in T'(F), obtained by moving the imaginary part of Z, towards infinity in the direction
of o, a face of {0,}.

If yo ¢ 22, then there’s a 7 € N(F')z not congruent to the identity mod U(F)z such that

’y(Tg,Wo,E()—i—O'OO) = (Tg,Wo,Eo—i—O'OO). (34)
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If we write v as in eq. [3.2] then  acts on H, by

T =51 4 € Spy(Z)
W — A(T)W + a(r)
Z = ZIU+b(r,W) U € GL,(Z)

where A(7),a(7),b(r, W) are analitic in 7,W and can be expressed explicitly in terms of
A, B,C,D.
We now rewrite eq. [3.4] as

To =170
Wy = A(10)Wo + a(mp)
Zy = ZplU] + b(19, Wo) + ¢, where ¢ € L(o) ® C and
L(0) is the linear span of 0. U(o) =0

By further decomposition of C(F') we can assume that U/o = I. Let E, = (D(F)/U(F)z),.
E, is y-invariant and a fiber space over F' and F' x V(F'). The eigenvalues of v on the tangent
space of E, at (19, Wy, Zo + 000) can be obtained by calculating the eigenvalues on F, V(F),
and T'(F'), separately.

Assume the eigenvalues of v are {\1,..., Ay, AT, ..., A1}, U has eigenvalues {uy, ..., fi,}

and let A and M be the diagonal matrices with \; and pu; as entries respectively.
Lemma 3.5.1.
1. The eigenvalues of v on the tangent space to F' at 19 are \iA;, 1 <i < j<nl
2. The eigenvalues of v on the tangent space to V(F) at Wy are \ipj, 1 <i<n', 1 <j<n.

Proof:  The lemma follows from diagonalizing ' and U and noting that the action of ~
around (79, Wp) is the same as the local action of v, at (0, W) where

A0 0 =«
* M * x
0O 0 0 M
with Wy € V(F) and AW M +a =W, O

Let T be T(F), T, the torus embedding associated to o. From [9] we know that in T,
there’s a unique closed orbit O, and a subtorus 77, such that T/T. ~ O,:

O, is defined by X" =0, r > 0 on o, r > 0 on Int(o),

T; is defined by Spec C[X"], .1 () (r)/2-

Since we assumed U/o = I, U acts trivially on 7", and U fixes e, : the identity of O,.
Now v acts on T by Z — Z[U] 4+ b mod U(F)z, this action extends to T, O,.

Lemma 3.5.2. The eigenvalues of v on the tangent space to T, at Zy + ooo are tij, 1 <1 <
J < n where pi; = pjp if pipy # 1.
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Proof: Since v fixes Zy 4+ 000, we have
Zy = ZplU] + b+ cmod U(F)y

with ¢ € L(0) ® C. Let tz, be the translation by Z, it is easy to see tz, o U = vy oty on O,,
since for any Z € U(F)¢

’)/OOtZ(](Z)—tZOOU(Z)EC mod U(F)Z

In the O,-directions, the eigenvalues f1;; are the same as the eigenvalues of U on the tangent
space to e,. The latter eigenvalues contain all the ;41; when ge;p0; # 1.
O

Remark 3.5.1. This result illuminates why Z(g] are the Zg singular points for g > 3, since the
ramification divisor of mp occurs when exactly one of A\;A;, Aije;, pipt; # 1, which can happen
only if g < 2.

Proposition 3.5.1. For g > 5, n a pluricanonical holomorphic form in Xg, n extends to the
desingularizations of the singular points in Zg \ A,

Proof: Ifyy e A,\ Ay, yo & A_g then we have, as before

Ty = (TU,WO,EO + o) € E,
Yro = To, ¥ E€ N(F)z

Yo = WF(HCU)-

By the two previous lemmas, the eigenvalues of v on the tangent space at xg are A\;\;, \ifu
and pjx (pje = pipte if pipe # 1). This is similar to the situation in the interior fixed points,
by the same arguments as in the last 2 lemmas of the previous section, we have {~,zq} > 1.
Hence 7 extends to the desingularizations over .

O

Finally, using proposition to extend forms to the desingularizations on singular cusp
points, using proposition to assure the condition for extending forms on quotient singular-
ities through theorem [3.3.1] and using theorem to understand the asymptotic behaviour
of the dimension of the space of global forms, we’ve proven that:

Theorem 3.5.1. For g > 9, dimT(QN(A4,)®*) ~ ek, with N = g(g+1)/2, and ¢ > 0. So A,
1s of general type.
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