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ABSTRACT

This thesis explores the geometry of Klein hypersurfaces, focusing on their group of regular
automorphisms and on the automorphism group of their n-th primitive singular cohomology
group with integer coefficients.

The research begins with a review of results characterizing hypersurfaces that have
automorphisms of large prime order, showing that a hypersurface with automorphisms of
large prime order is a Klein hypersurface. The research continues with the study of the
automorphisms of hypersurfaces, and how in most cases these are essentially matrices,
reviewing results on these automorphisms before turning to the study of some classic
examples, such as the Klein and Fermat hypersurfaces.

The core of this thesis delves into Hodge theory applied to smooth hypersurfaces, focusing
on the Hodge structures given by the n-th primitive singular cohomology group with integer
coefficients. To this end, we review the concepts of complex varieties, Hermitian varieties,
and Kahler varieties, as well as the concepts of Hodge structure and polarized Hodge
structure.

By analyzing the action of the automorphism on the cohomology basis, we provide a detailed
classification of the eigenvalues and eigenspaces associated with these automorphisms. The
study culminates in the identification of the normalizer of ¢* within the automorphism
group, showing that under certain conditions (such as |A| = n 4+ 2, where A is a subgroup
of (Z/mZ)* which depends of (n,d)), the normalizer is isomorphic to a semidirect product
of cyclic groups. We conjecture that |A| = n+ 2, and we were able to verify this for a finite
number of cases using a Python code.The results obtained provide new evidence in favor of

the punctual Torelli principle.

Keywords: Klein hypersurface, Hodge theory, Regular automorphism, Kdhler manifold,
Torelli principle, Cohomology
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INTRODUCTION

The study of automorphisms of Klein hypersurfaces is a classical subject and begins with
the paper by Felix Klein [Kle79b] studying the automorphism group of the quartic Klein
curve X C P2, where d = 4 and n = 1, and proving that Aut(X) ~ PSLy(F7) in that case.
The case of the Klein cubic curve X C P? is also classical. A straightforward computation
shows that v : X — X, (xg : @1 : x2) — (21 : @2 : o) is an automorphism of order
3 fixing an inflection point of the elliptic curve and thus it follows from [Sil86, Theorem
I11.10.1] that Aut(X) ~ Z/6Z. In [Ald78], Alder proved that the automorphism group of
the Klein cubic threefold is isomorphic to PSLa(IF1;). The automorphism group of the Klein
cubic surface was computed by Dolgachev in [Dol12, Theorem 9.5.8], who showed that it
is 5. The automorphism groups of the remaining Klein curves were computed by Harui
in [Har19, Proposition 3.5] analyzing finite subgroups of PGL3(C), while the automorphism
group of the Klein quintic threefold was computed by Oguiso and Yu in [OY19a, Theorem
3.8]. In order to describe the automorphism group in the latter two cases, let us introduce

the following notation: Given n > 1 and d > 3 we define

(d _ 1)n+2 _ (_1)n+2
d .

m =

A straightforward computation shows that the degree d Klein hypersurface X C P"*! admits

an automorphism o of order m and an automorphism 7 of order n + 2 given by

_ 1—g)n+!
o(xo:a1:: Zpy1) = (Eamo fémd D C(lm ) Zpt1)
and
T(ro: a1 i @py1) = (T1 1 @2 -+ 1 Ty & Xp)-

Hence, the group
H(n,d) :=(Z/mZ) X Z/(n+ 2)Z

acts faithfully on X, and Harui and Oguiso-Yu showed that JZ (n, d) is the full automorphism
group in the cases (n,d) € {(1,d), (3,5)}, where d > 5.



2 Introduction

In [GALMVL24], it was proven that for n > 2 and d > 4, with (n,d) # (2,4), the
automorphism group of the Klein is also £ (n,d). It was also shown that this holds for
the Klein cubic curve, but for dimensions n > 4.

In [GALMVL24], the authors also proved the following theorem, which provides evidence

in favor of the so called Strong Torelli Principle for hypersurfaces.

Theorem 0.0.1. The middle primitive cohomology group of the Klein hypersurface of
Wagstaff type X of dimension n > 3 and degree d > 3 is an extremal polarized Hodge
structure. Moreover,

Aut(H™(X,Z) prim)/{£1} ~ Aut(X)

in the following cases:
(a)d|n+3,
(b) d=3 and n > 5.

Recall that the classical Torelli Theorem [And58, ACGHS5] states that for any pair of
curves X and X’ of genus g, every isomorphism between their poralized Jacobian varieties
J(X) ~ J(X') is induced, possible up to an involution, by a unique isomorphism of curves
X ~ X'. Since the Jacobian of a curve X is determined by its Hodge structure J(X) =
(HYO(X))*/H1(X,Z), an isomorphism between polarized Jacobian varieties J(X) ~ J(X’)
is represented by an isomorphism between the corresponding polarized Hodge structures.
The Torelli Theorem motivated the following conjecture commonly called the Strong Torelli
Principle: Let X and X’ be two smooth hypersurfaces of degree d and dimension n on P**1,
Then every isomorphism of polarized Hodge structures ¢ : H" (X, Z)prim — H™ (X', Z) prim
preserving polarizations is induced, possibly up to an involution, by a unique isomorphism
¥ : X — X', The weaker statement where we only ask for the existence of the isomorphisms
o and v without requiring the former being induced by the latter is the called the Global
Torelli Principle.

The Strong Torelli Principle holds for plane curves by the classical Torelli Theorem, for
quartic surfaces [PSS71, DBR75, Fri84], for cubic threefolds [CGT72, Bea82] and for cubic
fourfolds [Voi86, Loo09,Chal2, HR19]. Furthermore, the verification of the Rational Torelli
Principle for generic hypersurfaces of dimension n and degree d in P**! has been recently
completed by Voisin [Voi22] for all values of (n,d) with the exception of a finite number
of cases (complementing previous works of Donagi [Don83] and Cox-Green [CG90]). It is
worth noting that in general one can only expect the Rational Torelli Principle to hold
for generic hypersurfaces (see [Voi22, Remark 0.3]). For instance, in the case of Hodge
structures of level one there are non-isomorphic hypersurfaces with isogenous intermediate
Jacobians (e.g. for curves). And for Hodge structures of higher level, whenever the rational
Hodge structure splits (for instance in the Noether-Lefschetz locus) we get several non-trivial

involutions which in general do not come from actual involutions of the hypersurface (e.g.
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Introduction 3

for K3 surfaces).

If we take X = X’ in the Strong Torelli Principle, we obtain the Punctual Torelli Principle:

Conjecture 0.0.2 (Punctual Torelli Principle). Let X be a smooth hypersurface of degree
d and and dimension n on P"T1. Then every automorphism of polarized Hodge structures
H™(X,Z)prim preserving polarizations is induced, possible up to an involution, by unique

automorphism of X.

In this thesis, we will present new evidence in favor of the punctual Torelli principle for the
case of Klein hypersurfaces. Specifically, we will show that for certain values of (n,d), the
Klein hypersurface X C P"*! of degree d and dimension n, that is, X = {K = 0}, where

d—1 d—1 d—1 d—1
K=z o +27 T2+ ... +2x, Tphp + X, 170

satisfies the condition that the subgroup p < Aut(H™(X, Z)prim, (-, -))/{£1} has order n+2.
To develop all of this, we will first discuss the automorphism group of a hypersurface
X C Pt =P(V), denoted by Aut(X), and we will examine the theorem by Matsumura and
Monsky (Theorem 1.1.2) which tells us that if (n, d) # (1,3), (2,4), then every automorphism
of X islinear, Aut(X) = Lin(X), where Lin(X) is the subgroup formed by the automorphisms
of X that come from automorphisms of P"*!(Definition 1.1.1). We will see that if ¢ €
Lin(X), then (¢')*(F) = AF for some A € C* (here ¢’ € GL(V) is a representative
of ¢)(Proposition 1.1.4). We will also see that if ¢ € Lin(X) has order ¢, then there
exists w € PGL(V) of order ¢ such that w|x = ¢(Proposition 1.1.5). Moreover, if d > 3,
(n,d) # (1,3),(2,4), then

Aut(X) = {¢ € PGL(V)|9(X) = X},

that is, for every automorphism ¢ € Aut(X), there exists a unique automorphism ¢ €
PGL(V) such that ¢|x = .

Next, we will introduce the notion of when a prime number p is admissible in dimension n
and degree d (Definition 1.2.3) and use it, along with the concept of cyclotomic polynomial
(Definition 1.3.2), to prove that if n > 2 and d > 3 with (n,d) # (2,4), and ®,,412(1 — d)
is prime, then a smooth hypersurface X = V(F') of dimension n and degree d admits an
automorphism ¢ of prime order p > (d — 1)™ if and only if X is isomorphic to the Klein
hypersurface, n = 2 or n + 2 is prime, and p = ®,,42(1 — d).(Theorem 1.3.10).

Next, we introduce the differential method. We will also recall the definitions of generalized
permutation matrix and generalized triangular matrix, and we will denote by PGP(V, 3) the
image of GP(V, 8) in PGL(V), and by PGT(V, 8) the image of GT(V, 8) in PGL(V')(Definition
1.4.5). And for F' € S(V*) of degree d > 2, we endow the set 5* = {zo, ..., nt1} with the

UNIVERSIDAD TECNICA FEDERICO SANTA MARIA



4 Introduction

relation <p given by

oF oF
<p ;e Vi C Vi — .
2, <pxj & ars(axi) - ars(axj>

Then we prove the next theorem

Theorem 0.0.3. Let X = V(F) C P(V) be a smooth hypersurface of dimension n > 1
and degree d > 3 with (n,d) # (1,3),(2,4). Let also 8 and B* be dual bases of V' and V*,
respectively. If Spars(F) > 4(Definition 1.4.6) and (8*,<p) is a poset then Aut(X) C
PGT(V,B).(Theorem 1.4.10)

As a corollary of this theorem, we also show that, under the same hypotheses, if additionally
(8*, <p) is the trivial poset, then Aut(X) C PGP(V, j).

Using the previous theorem, we prove that for the Fermat hypersurface X = V(F) C P*+!

of degree d and dimension n
(F=af +o{ + .. + 20.0),

we have that if n > 1, and d > 3, with (n,d) # (1, 3), (2,4), then
Aut(X) = (Z/dZ)"* x S, 42 (Proposition 1.5.5).

We also prove that for the Delsarte hypersurface X = V(T) C P**! of degree d and
dimension n

d—1 d—1 d-1 d
(T=xy w1 +27 w2+ ...+ Tpy1 +2h4q),

we have that if n > 2, and d > 4, with (n,d) # (2,4), then
Aut(X) = Z/(d — 1)1 Z (Proposition 1.5.7).

Finally, we prove that for the Klein hypersurface X = V(K) C P**! of degree d and
dimension n

d-1 d—1 d—1 d—1
(K=o w1 +27 22+ ...+ 25, 2pg1 + 25, 170),

we have that if n > 2, and d > 4, with (n,d) # (2,4), then
At(X) = (Z/mZ) x Z/(n +2)Z where m = =D E0 (Proposition 1.5.9).
In chapter 2, we review the notions of complex manifolds, tangent and cotangent spaces,

and differential forms, in order to introduce de Rham and Dolbeault cohomology.
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Introduction 5

Ker(Q% . (X) 4, QI;C(JZ-}(X»
Im(Q41(X) & Q5. (X))

Hp(X) = Hip(X,C) =

El
_ Ker(Q5(X) = 08" (X))
- 3 ’
Im(Q1H(X) = QR1(X))
We will then proceed with the definition of a Hermitian metric on a complex manifold, the
Hodge star operator(Definition 2.2.4), and the notions of harmonic forms(Definition 2.2.11)

on Kahler manifolds.

We present the following theorem (Theorem 2.2.13)

Theorem 0.0.4 (Hodge Harmonic Forms). Let X be a compact Hermitian manifold. Then

for every pair of integers p,q, there is a natural isomorphism.:
HE(X) = HPY(X).

And the corollary (Corollary 2.2.15)

Corollary 0.0.5 (Poincaré Duality). Let X be a compact Hermitian manifold of complex
dimension n, and consider de Rham cohomology with complex coefficients. Then, for each

k, the space of harmonic k-forms HE(X) admits a non-degenerate Hermitian pairing

(o, B) :/ a A xp,
X
which induces an isomorphism
HE(X) = (MM (X))
Via the Hodge isomorphism ’H’;(X) = HgR(X;C), this yields the complexr Poincaré duality:
Hlp(X:C) = (H3H(X:0))".
We also have the corollary Kodaira-Serre Duality (Corollary 2.3.1), which tells us that

H%Q(X) o (H’g—p,n—q(X))* -

and via the Hodge theorem, this induces the corresponding duality on Dolbeault cohomology:

33
=
IR

(X))

Then we introduce the notion of a Kéahler manifold(Definition 2.3.2) and with this, we state

UNIVERSIDAD TECNICA FEDERICO SANTA MARIA



6 Introduction

the following theorem(Theorem 2.3.3).

Theorem 0.0.6. If X is a Kdhler manifold then we have
Ag=205: 0% — QRL.

Therefore Hy? = H5. And how HE =D w "5, we have

p+q=

Hi(X) = @ HEU(X).

pt+q=k

We will also present foundational results, including the Universal Coefficient Theorem(Theorem
2.3.4) for homology—a fundamental tool in algebraic topology—and de Rham’s theorem(Theorem
2.3.5).

Next, we define the notion of a Hodge structure of weight n, which is a fundamental concept

(or key definition) to understand the underlying geometry and cohomology of the variety

Definition 0.0.7 (Hodge Structure). A Hodge structure of weight n consists of a free Z-

module H of finite rank (i.e., H = 7" ) together with a decomposition of its complezification
He =H®,C2C"

into a direct sum of complex subspaces:

He= € H,

ptg=n

such that the decomposition satisfies the symmetry condition

Hpra = H9P,

We define Lefschetz Operator (Definition 2.3.7) and state the Hard Lefschetz Theorem(Theorem
2.3.8).
Then we define the primitive cohomology group H" % (X, C)im.

Definition 0.0.8. We define the the primitive cohomology group H" *(X,C)prim as
H" (X, C)prim = Ker(LF™' . H""%(X,C) — H"™"2(X,C)).

Next, we state the Gysin Exact Sequence and Primitive Cohomology Theorem(Theorem

2.3.10), and as a corollary of this, we obtain

Corollary 0.0.9. Let X C P"*! be a smooth complex hypersurface of degree d. Then the

primitive cohomology in middle degree is given by:
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Introduction 7

e Ifn is odd, then
H"(X,C)prim = H"(X, C).

e Ifn is even, then
1L
Hn(Xv C)prim = (C : Wn/Q) C Hn(Xa C)v

where w € H?(X,C) is the Kdhler class induced from the ambient projective space,

and the orthogonal is taken with respect to the Hodge—Riemann bilinear form.

In particular, the primitive cohomology has codimension

. 0, ifn is odd,
codim (H" (X, C)prim C H"(X,C)) =
1, ifn is even.

Next, we state the Griffiths’ base theorem(Theorem 2.3.12). From this, we obtain that a

basis for H?*9(X)prim is given by
B 0
Wﬁ =Tres m s

where degz”® = Bo + 1 + .. + Bni1 = d(g + 1) —n — 2, with 8 = (Bo, ..., Bur1), and
mﬁ—xﬁo .l'ﬂTH'l
=z .z

The monomials 7 form a basis of the graded component R

d(g+1)—n—2"
We define the concept of a polarized Hodge structure (Definition 2.4.1), and state the Hodge-

Riemann Bilinear Relations with the Hodge Index Theorem(Theorem 2.4.3), and define a

morphism of Hodge structures and a morphism of polarized Hodge structures.

Definition 0.0.10. A morphism of Hodge structures is a group homomorphism f: H — H'
such that the complexified map fc: Hc — H(. satisfies

fc(HP9) C H™Y  for all p,q.

If (H,Q) and (H',Q’") are polarized Hodge structures, then f is a morphism of polarized

Hodge structures if, in addition, it satisfies:

Q' (fe(@), fe(B)) = Q(a, B)  for all o, B € He.

Finally, we prove that if (H, Q) is a polarized Hodge structure, then Aut(H, @) is finite(Proposition
2.4.8).

In Chapter 3, for the Klein hypersurface X C P"*! of degree d and dimension n, we consider

UNIVERSIDAD TECNICA FEDERICO SANTA MARIA



8 Introduction

the automorphism o € Aut(X) given by

_ 1—d n+1
([0 oot 1)) = [Emazo s €Lt ¢t €07 D" g,

and using Griffiths’ base theorem, we analyze how the automorphism o : H™ (X, C)prim —

H"(X,C)prim, induced by o acts on the elements of the basis. From this, we obtain the

following theorem.

Theorem 0.0.11 (Villaflor et.al.). Let X = {zd 'azy + ... + m‘fljrllxg = 0} be the Klein
hypersuperface of dimension n and degree d > 3. And let V(&),) = {w € H"(X,C)prim|og(w) =
&l .w} be the eigenspace of ol associated to the eigenvalue &, .

Then, for all p4+ q = n, we have

Hp7q(X)prim: @ V(ggn)

jecra
If n is an even number, we have
m—1
Hn(Xa C)prim = V(&Jn)a
j=0

where dim¢ V(€))) =1 if j=1,....,m — 1 and dim¢ V(&),) = 2 if j = 0.

If n is an odd number, we have

3

Hn(XaC)prim: l V(Egn)’
i=1

J

where dim¢ V (&2,) =1 for all j = 1,...,m — 1.
And for j € CP4 we have

V(E) = (fws|0S s d—2 Y pi=dg+ 1) —n—2, Y BEDUZD gy

d
zBQ
Wwp =Tes m .

Then, we consider the normalizer of o*, N ((c*)) in the group Aut(H" (X, Z)prim, (-, -))/{£1},
and for g € N({c*)), we define

where

p(g) =iy € (Z/mZ)*,

where go*g™! = o*'s.

then, if we define the set
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A:={te(Z/mZ)* :t-CP"=CP Vp+q=n},
we have that ¢(N((c*))) < A
Then, if we have that Ker(y) = (¢*), and |A| = n + 2, then
N{o®)) = (o) x (7Y = (Z/mZ) x Z](n + 2)Z ~ Aut(X),
and if additionally we have that N({(c*)) = Aut(H"(X,Z)prim., (-,-))/{£1}, then we would
have what we are looking for.

We conjecture that |A| =n + 2.

We developed a Python code in which we implemented a function to compute the groups
A for given ordered pairs (n,d). In all cases, we verify that A is cyclic and that its order is
n + 2 (Tables 3.1,3.2,3.3,3.4,3.5,3.6,3.7,3.8).

UNIVERSIDAD TECNICA FEDERICO SANTA MARIA
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Chapter 1

AUTOMORPHISMS OF KLEIN
HYPERSURFACES

In this chapter, we will study the automorphisms of hypersurfaces in projective space, with
special interest in the Klein hypersurfaces. To this end, we will first define the set of linear
automorphisms Lin(X), which consists of the automorphisms of a hypersurface X that
can be extended to the entire projective space. By a theorem of Matsumura and Monsky
(Theorem 1.1.2), when X is not a cubic curve nor a quartic surface, all automorphisms of X
are linear. By analyzing the properties of the elements of Lin(X) we show that in most cases
(degree greater than 1), these automorphisms are the restriction of a unique automorphism
of the whole projective space (Proposition 1.1.6).

In section 1.2 we give a characterization of the prime numbers p that can occur as the order
of an automorphism of a smooth hypersurface, by introducing the notion of admissibility in
dimension n and degree d (Definition 1.2.3).

Section 1.3 is devoted to study upper bounds for the prime numbers that can occur as
the order of an automorphism of a smooth hypersurface. We show that, under a certain
condition, a smooth hypersurface admits an automorphism of sufficiently large prime order
if and only if the hypersurface is the Klein hypersurface (Theorem 1.3.10).

In section 1.4 we introduce the differential method to show that, for certain hypersurfaces,
their automorphisms can be represented as generalized triangular or generalized permutation
matrices(Theorem 1.4.10). Finally, in section 1.5, we apply these results to explicitly
compute the automorphism groups for classical hypersurfaces: the Fermat, Delsarte, and
Klein hypersurfaces, as well as for the so-called simple hypersurfaces, which are defined as

the zero sets of polynomials that are sums of Klein and Delsarte polynomials. In particular,
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12 CHAPTER 1. AUTOMORPHISMS OF KLEIN HYPERSURFACES

we will obtain that for X the Klein hypersurface of degree d > 4 and dimension n > 2 with

(n,d) # (2,4)
Aut(X)=Z/mZ xZ]/(n + 2)Z.

1.1 Liftability of automorphisms of hypersurfaces

Let V be a vector space over C of dimension n + 2, n > 2 with a fixed basis {vg, ..., Un11},
and let P"*! = P(V) be the corresponding projective space. We also let {zq, ..., 2,41} be
the dual basis of the linear forms on V, i.e. z;(v;) = d;; for all 0 < 4,5 < n+ 1. And then
{w;, -2, :0<iy <..<ig <n-+1} is a basis of the vector space S%(V*) of symmetric
forms of degree d on V.

Let GL(V), and PGL(V) be the general linear group and the projective linear group,
respectively. We denote by 7 : GL(V) — PGL(V') the canonical projection. Recall that an
automorphism of an algebraic variety X is a regular map X — X having a regular inverse
map. The group of all automorphisms of X is denoted by Aut(X). The automorphism
group of P"*1 is the projective linear group PGL(V). For an irreducible form F € S¢(V*),
we denote by X = V(F) C P"*! the corresponding hypersurface of dimension n and degree

d. Then, we have the following definition.

Definition 1.1.1. Let X = V(F) C P"™! be a hypersurface of dimension n and degree d.
We define the group of linear automorphisms of X, denoted by Lin(X), as the subgroup of

Aut(X) of automorphisms that extend to an automorphism of the ambient space P"*1 i.e.,
Lin(X) = {¢ € Aut(X) | 3w € PGL(V) : ¢ = w|x }.

In general, the group Lin(X) is a proper subgroup of Aut(X), nevertheless for smooth
hypersurfaces, we have the following classical theorem [MMG63], see also [Kol19] and the

references therein.

Theorem 1.1.2 (Matsumura-Monsky). Let X andY be smooth hypersurfaces of dimension
n > 1 and degree d > 3 in the complex projective space P(V) and let 7 : X — Y be an
ismorphism. If (n,d) # (1,3),(2,4), then 7 is the restriction of a linear automorphism
P(V) — P(V). In particular, every automorphism of X is linear. Moreover, Aut(X) is a
finite group.

We now present a result, which shows that the group of linear automorphisms of X can
be expressed as a quotient group. To establish this, we first introduce two subgroups of
PGL(V), as well as the map that realizes the isomorphism between their quotient and the

group of linear automorphisms of X.
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1.1. LIFTABILITY OF AUTOMORPHISMS OF HYPERSURFACES 13

Let B be the subgroup of PGL(V) whose elements are the automorphisms of P*"*! that
preserve X, i.e., B = {¢p € PGL(V) : ¥(X) = X}, then for ¢ € Lin(X) there exists an
automorphism 1 € PGL(V') such that ¢ = 1| x; moreover 1) € B. In other words, we have

an epimorphism of groups

B — Lin(X)
Y= p|x

whose kernel is A := {¢) € PGL(V) : ¢|x = idx }. By the isomorphism theorem we conclude

the following result.

Proposition 1.1.3. Let ¥ : B/A — Lin(X) the function defined by ¥([w]) = w|x. Then ¥

is well-defined and, moreover, it is a group isomorphism. In particular,
Lin(X) = B/A.

If we have d > 3, then (n,d) # (1, 3),(2,4), therefore by the Theorem 1.1.2 if X is smooth
then

Aut(X) =Lin(X) and |Aut(X)|< occ.

In this setting, for an automorphism ¢ in Aut(X) there exists a unique Q € B/A such that
¢ = ¥(Q). Then, we can choose an element w € PGL(V) such that w|x = ¢. We can
also choose a representative ¢’ € GL(V) for w, i.e., m(¢’) = w. The linear map ¢’ induces
an automorphism of S¢(V*), which we denote by (¢')*, given by (¢')*(G) = G o ¢’ for all
G € S4(V*). With this notation in mind, we have the following proposition.

Proposition 1.1.4. Let ¢ € Lin(X). Then (¢')*(F) = AF for some A € C*.

Proof. Since ¢ € Lin(X), if z € X, we have ¢p(z) € X = V(F), then F(¢'(z)) = 0,
so (¢")*(F) € I(V(F)) = V< F > by the Hilbert Nullstellensatz. Since F is irreducible,
(¢')*(F) €< F >, therefore there exists a nonzero polynomial p such that (¢')*(F) =p- F.
Since ¢’ € GL(V), it is linear, therefore deg((p')*(F)) = d, so d = deg((¢')*(F)) = deg(p -
F) = deg(p) + deg(F) = deg(p) + d, then deg(p) = 0, therefore (¢')*(F) = AF for some
reCr.

O

Therefore, in the case where d > 3, we have that for an automorphism ¢ € Aut(X), the
representative ¢’ € GL(V) (¥([r(¢")]) = w(¢’)|x = ) is such that (¢')*(F) = AF for some
A e

We next state a result asserting that any linear automorphism of X of order ¢ can be

extended to an automorphism of the ambient projective space P*"+! of the same order.
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Proposition 1.1.5. Let ¢ € Lin(X) be an automorphism of order q. Then there exists
w € PGL(V) of order q such that ¥(jw]) = w|x = ¢.

Proof. Suppose there exists a linear subspace W C V of dimension n + 1 such that X C
P(W) then, X = P(W). Indeed, assume by contradiction that X C P(W), since the krull

dimension of X is n, there exists a chain of irreducible closed subsets of X such that

X0CX1C...C X, =X, (X, =X since X is irreducible)

=

S0
XoCX1 G CXn=XC Xy =P(W)

is a chain of irreducible closed subsets of P(W), but P(W) is also irreducible with Krull
dimension n, which is a contradiction, therefore X = P(W).

In the case where such W C V of dimension n + 1 exists, we have that X = P({wy, ..., w,))
where {wy, ..., w,} is a basis of W. Let w,+1 € V be a vector such that {wo, ..., wn, wp+1}
is a basis of V, and let w € PGL(V) be such that ¥([w]) = w|x = ¢. Let ¢’ € GL(V) be a

representative of w. Then, since w?|x = p? = Idx, we have

[wo + w1 + ... +wy] =w([wy + wy + ... +wy])
= [ (wo + w1 + ... + wy)],

therefore, there exists a € C* such that

n n

@'Y wo + wy + ... +wy) = a(wo +wy + ... +wy) = Zgﬁ'q(wi) = aZwi,
i=0 i=0

and since [¢'?(w;)] = wi([w;]) = [w;], for all ¢ = 0, ...,n, then
Ao, ..oy A € C*: go’q(wi) = \w;, Vi=0,...,n,

then we have " n n
Z)\iwi = aZwi = Z()\z - Oé)’LUi =0,
i=0 i=0 i=0

and since wy, ..., w, are Li., \; — a =0, for all i = 0, ..., n, therefore ¢'(w;) = aw; , for all
1 =0,...,n.

Let ¢ € GL(V) given by ¢"(w;) = ¢'(w;), for all ¢ = 0,...,n and ¢"(wp11) = EWpi1,
where ¢ is a primitive g-th root of «, then ¢”|w = ¢'|w. Clearly ¥([n(¢")]) = ¢.

Let " := 7(¢"), then ¥([w"]) = ¢. We claim that w”? = Id.
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Indeed

m(aldy)
W(Idv)
= Id e PGL(V).

Hence, the order of w” is q (w"!|x = ¢! # Idx, for all 1 <1 < q, so w" # Id € PGL(V)).

If no such subspace W exists, then there exists a basis {wq, ..., Wn+1} of V such that [w;] € X
forall i =0,...,n+ 1. Let ¢’ € GL(V') be such that 7(¢’)|x = ¢, then

[wi] = ¢?([wi])
[

so there exists Ao, ..., \n+1 € C* such that ¢'%(w;) = Nw;, for all ¢ = 0,....,n + 1. If
Ao =A1 =... = Ay = Apq1, then w(¢")? = Id € PGL(V). Otherwise let

Gj = {wi . )\z = /\J}
Note that if )\k = )\k/, then Gk = Gk/.
We claim that X C U?jol P(< G; >). Suppose, by contradiction, that

n+1

x ¢ |J PG,
=0

then there exists € X such that x ¢ U?:()l P((G;)). Since = € X, there exists 2’ € V, such
that = = [2] and since {wo, ..., wn41} is a basis of V', we have

n+1
= E u;w;, where g, ..., U1 € C.
i=0

Since = ¢ ) P((G)), we have 2/ ¢ U7y (G;), then there exists i, such that G; # G,
and k, k" such that wy, € G;, wir € Gj, and uy, ugp # 0, then
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n+1
D> uiw;] = [2]
i=0
=z
= ¢?(x)
= ¢([2"])
= [¢"1(2)]
n+1
=13 wig(w0)
i=0
n+1
=D widiwi],
i=0
n+1 n+1
= Ja e C*: aZuiwi = Zui/\iwi
i=0 i=0

n+1
== Z(aui — ul)\l)wl =0
=0

= au; —uA =0,Vi=0,..,n+1,

and since wug,urr # 0, we have o« — A\, = o — Ay = 0, then \y = o = A, then
G; = G = Gy = G}, wich provides a contradiction. Therefore X C U?jol P((G;)).

Let ¢"” € GL(V) given by ¢ (w;) = &¢'(w;) , where &; is a primitive g-th root of %

We claim that 7(¢")|x = ¢. It is easy to see that ¢"[(q,y = &¢'|(q,) and therefore , if
y € P(G;)), m(¢")(y) = m(¢)(y). Let x € X, then x € P(< G; >) for some i =0,...,n+ 1,
and then

therefore 7(¢")|x = .
We now verify that m(¢”)? = Id € PGL(V). Let v € V, then v = v;, + ... + v;,, where
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v, €< Gy, >, then

©"1(v) = " (vig + ... +v4;)
= (p”q(’vio) +...+ Lp/lq (Uiz)
=& 0" (vig) + o A+ EL " ()

= Lp”q = Moldy
= n(¢")9 = Id € PGL(V),

and then, we have U(w(¢")) = ¢ with 7(¢"”") € PGL(V) be an automorphism of order ¢
(m(")x = ¢! # Idx if 1 <1 < g, then 7(¢")! # Id € PGL(V)).
O

In the case where d > 3, we have that Aut(X) = Lin(X), and X is not an hyperplane, since
d # 1, then X # P(W) for all W C V proper linear subspace of V' of dimension n + 1. In
this case we have that A = {Id}, we show that in the following proposition.

Proposition 1.1.6. Let X = V(F) C P*"*! an irreducible hypersurface of dimension n and
degree d > 2. Then we have that de subgroup

A={p e PGL(V)|p|x = Idx} < Aut(X),
is equal to {Id}.

Proof. Let ¢ € PGL(V) be such that ¢|x = Idx. Since X have degree d > 2, we have that
is not an hyperplane, therefore I{wy, ..., w11} C V basis of V, such that [w;] € X, for all
i=0,..,n+1. Let ¢’ € GL(V) be a representative of ¢, i.e., m(¢’) = ¢, then we have that
IAo, ooy Ant1 € C* such that

o' (w;) = Nw;, Vi=0,....,n+ 1.
How in the previous proposition, let define the sets
Gj o= {wilAi = A},
then as in the previous proposition, we have that X C U?:Jrol P((G,)).

P"T1((G,)) is a Zariski closed subset of P"T1(it is a linear subvariety).
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We have
n+1 n+1
X=Xn (U IP’((Q))) = U X NP(Gy)),
i=0

=0

and X NP((G;)) is a closed subset of X, then since X is irreducible, we have that
X = X NB((Gy-)),

for some ¢*, and then
X CP{G;x)).

By the definition of the sets G;, we have that if (G;)N(G;) # 0, then (G;) = (G;), therefore,
if P((G;)) NP((G)) # 0, then P((G;)) = P((G;)), and since {wo, ..., wp4+1} C X, we have
that for all i = 0,...,n + 1, [w;] € X, and since X C P((G;~)), we have [w;] € P((Gx)),
therefore P((G;+)) = P((G;)). Then we have that X € C* such that

o' (w;) = Aw;, Vi =0,....,n + 1,

Therefore ¢ = w(¢’) = n(AMdy) = Id.

Therefore, in the case where d > 3, (n,d) # (1,3),(2,4) we have
Aut(X) = [ € PGL(V)| $(X) = X}

then for an automorphism ¢ € Aut(X), there exists an unique automorphism 3 € PGL(V)
such that ¢ = ¢|x.

1.2 Admissible orders of an automorphism

Recapitulating, we have that (¢')*(F) = AF for some A € C*, and that there exists w €
PGL(V) (unique in our case, since d > 3) such that ¥(jw]) = ¢, and the order of w is also
q, then if ¢’ is a representative of w, we have 7(¢'?) = w(¢')? = w? = Id € PGL(V), and
then, multiplying by an appropriate constant, we can assume that ¢©’? = Idy, so that ¢’ is
also a linear automorphism of order g of V and (¢’)*(F) = £*F where ¢ is a primitive ¢-th
root of unity. Furthermore, we can apply a linear change of coordinates on V' to diagonalize

¢, so that

@V =V, (agy ey ani1) — (E7%0, ., €7 a 1), 0< 0y <q.

Definition 1.2.1. : Letting Z/qZ be the ring of integers modulo q, we define the signature
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1.2. ADMISSIBLE ORDERS OF AN AUTOMORPHISM 19

o of an automorphism ¢’ as above by
g = (003 ey Un+1) € (Z/qZ)n+27

where we identify o; with its class in the ring Z/qZ. We also denote ¢’ = diag(o) and we

say that ¢’ is a diagonal automorphism.

For every F € S4(V*) and i € {0, ...,n + 1}, we let deg;(F) denote the degree of F seen as
a polynomial in x;. The following simple lemma is a key ingredient in the proof of the next

proposition.

Lemma 1.2.2. Let X be a hypersuperface of dimension n and degree d, given by the
homogeneous form F € S4(V*). If deg;(F) < d — 2, for some i € {0,....,n + 1}, then

X is singular.

Proof. After a linear change of coordinates, we may and will assume that dego(F) < d — 2
so that
F=al2Ly+ad3Ly+ ...+ 29Lg_1 + L,

where L; is a form of degree j in the variables {z1, ..., z,+1}. Hence,

oF _ (d—2)x8 3Ly + (d — 3)2t Ly + ... + Lq_1,
8;1:0
gF =x3’23§f ”3’3625 bt CZ; ie {1, n+1).

Now, the Jacobian criterion shows that the point (1 : 0 : ... : 0) is singular, since L; is a
form of degree j > 2 in the variables {z1,..., 2,41} and then, L;(1 : 0 : ... : 0) = 0 and
then F(1:0: ...:0) =0 so indeed the point (1:0:...:0) € X, and for the same reason
g—ﬁ)(l :0:...:0) =0, and %j is a form of degree greater than or equal to 1 and then
L1(1:0+...:0) =0, and then 2X(1:0:...:0) =0.

O

In this part we study the particular case of automorphisms of prime order p. In this case
we are able to give a full characterization of the prime numbers that appear as the order of
an automorphism of some smooth hypersurface of dimension n and degree d. We also show

that the order of such an automorphism is bounded by (d — 1)"*1.

Definition 1.2.3. We say that a prime number p is admissible in dimension n and
degree d if either p divides (d — 1) or there exist | € {1,...,n + 2} such that

(1-—d)'=1 mod p.

This definition is justified by the following proposition.
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Proposition 1.2.4. Let n > 2 and d > 3 be integers, and (n,d) # (2,4). A prime number
p is the order of an automorphism of a smooth hypersurface of dimension n and degree d if

and only if p is admissible in dimension n and degree d.

Proof. Let’s divide the proof into three cases.

Case 1. p does not divide d or d — 1. In this case, we have ged(p, d) = ged(p,d—1) = 1.
To prove the ”only if” direction, suppose that F € S%(V*) is a form of degree d such that
the hypersurface X = V(F) C P"*! is smooth and admits an automorphism ¢ of order
p. Since ¢ € Aut(X) = Lin(X), it follows from Proposition 1.1.3 and Proposition 1.1.5
that there exists @ € B/A such that ¥(2) = ¢ and we can choose a representative of €2,
denoted by w € PGL(V) such that w is also an automorphism of order p of PGL(V'), and
also we can choose a representative of w, denoted by ¢’ € GL(V) such that the order of this
automorphism is also p (¢? = Idy ). Hence ¢’ is diagonalizable, assume the basis for V' has
been chosen such that ¢’ is diagonal, and let o = (00, ...,0,41) € (Z/pZ)"*? be such that
@' = diag(£9°,...,&" ).

We have that (¢")*(F) = £*F, where £ is a primitive p-th root of unity. Let b be such that
d-b= —a mod p; such a b always exists since ged(p,d) = 1, and therefore d is invertible in
7/pZ. Consider the automorphism 1 = £%¢’ € GL(V). Clearly, 1 and ¢ induce the same

automorphism in P**!. Furthermore, for the form F of degree d we have
()" (F) = (") (F) = Fo (£"¢') = " F o ¢ = ¢®(¢/)*(F) = ¢ F = ¢ F,

and since d - b = —a mod p, we have ()*(F) = F. Hence, we may and will assume that
¢'(F) = F. Let kg be such that o, Z 0 mod p (since the order of ¢’ is a prime number,
then ¢’ # Idy, and therefore not all o; can be equal to 0 mod p). By the previous lemma, F
contains a monomial xﬁo_lxkl for some k1 € {0,...,n+1} (not necessarily with the coefficient
1). The form F is invariant by the diagonal automorphism ¢’, hence the monomial xgo_lzkl

is also invariant by ¢’, then (d — 1)og, + ok, = 0 mod p, and then
ok, = (1 —d)og, mod p.
Furthermore, since ged(p,d — 1) = 1, d — 1 is invertible in Z/pZ, and hence

[or[(d = 1] = [ow,] # [0]-

Therefore [o%,] # [0], i.e., ok, Z 0 (mod p), and since ged(p,d) = 1 we have k1 # ko,
since if k1 = ko, then doy, = (d — 1)og, + ok, = 0 (mod p), and then d = 0 (mod p)(oy, is
invertible in Z/pZ), which is a contradiction. Applying the above argument with kg replaced
by ki, we let ko be such that the monomial mi;lxb is invariant by ¢’ and is contained in

F (not necessarily with coefficient 1). Tterating this process, for all i € {3,...,n + 2} we let
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k; € {0,...,n+ 1} be such that xZ:_llxki is a monomial in F' (not necessarily with coefficient

1) invariant by ¢’. And then, we have

op, = (1 —d)oy,_, = (1 —d)?op,_, = (1 —d)'op, (mod p), Vi € {2,....,n + 2},

and all of the oy, are non-zero.
Since k; € {0,...,n + 1} there are at least two ¢,j € {0,...,n+ 2}, ¢ > j such that k; = k;.
Thus ok, = o,, and since oy, = (1 — d)'oy, (mod p) and oy, = (1 — d) oy, (mod p), we
have

(1—d)"7 =1 (mod p),

and so, the "only if” part of the proposition follows, and p is admissible in dimension n
and degree d, since exists [ = ¢ — j. To prove the converse statement, suppose that p is
admissible in dimension n and degree d. Since p does not divide d and d — 1, there exists
some [ € {1,...,n + 2} such that (1 —d)! =1 (mod p).

We let F' € S%(V*) be the form

n+1

-1
d—1 d—1 d
F = g Ti % + 3] xo + g T,
i=1 i=l

By construction. the form F admits the automorphism ¢ = diag(£3°, ..., &"*"), where

n+2—I1 times

—~
c=1,1-d,(1-d)?*...(1—=d)"t 0,.,0 )e(z/pz) 2

Let’s see that X = V(F) is smooth. Assume that « = (ag : ... : ap41) € X is a singular
point, i.e.,
OF
F =0 d = 0.
@=0 ad -(a)
Then o; =0, for all i € {I,...,n+1}. Suppose that also o; = 0 for some j € {0, ...,1 — 1}, if
j = 0 then, since g%(a) = 0, we have oy_1 = 0, and since affil (a) = 0, then ;s is also

zero, and using the same argument, we have that «j = 0 implies that a1 = 0, so if there
exists some j € {0, ...,l — 1} such that a; = 0, then oy, = 0 for all k& € {0, ...,] — 1} which is
a contradiction, therefore a; # 0 for all j € {0,...,1 — 1}.

Since alg—fl(a) = 0, we have

agflal =(1- d)afflag,

and since also ag%(a) =0, we have

afflag =(1- d)ocg*lag7
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SO

ag_loq =(1- d)o/f_lozg =(1- d)2a§l_la3.

Repeating the same argument, we obtain that

agflal =(1- d)iag

71ai+1,Vi S {O, el = 2}

and so, we have

-1 -2 -2 4-1
d—1_ _ d—1 _ Gy o
;o = o o = { d)“
j:1 1=0 =0

and also O‘lflag,Fl (o) =0, so

af_}lal,l =(1- d)aflflao,

then aff jap = % and since F(a) =0, and o; = 0,Vi € {I,...,n+ 1}, we have

S
S -a

Hence, either oy = 0 or a; = 0 which contradicts what we have already shown. Therefore,
X = V/(F) is smooth.

Case 2. p divides d. Then p is admissible with [ = 1. Indeed, (1 —d)' =1 —d =1 (mod
p). On the other hand, for every n > 2 and d > 3, let X be the Fermat hypersurface, i.e.,
X =V(F) with

F:xg—&—xil—l—...—&—xi—i—xfwrl.

The hypersurface is smooth and admits the automorphism or order d given by
OV =V, (ag,01, . Qni1) — (g, ar, ey i),

where £ is a primitive d-th root of unity. Hence, X also admits an automorphism of order

p.

Case 3. p divides d — 1. The prime number p is admissible by definition. On the other
hand, for n > 2 and d > 3, let X = V(F) be the hypersurface given by

d—1
F=x Jrl—l—xf—l—...—i—xz—i—xiﬂ.

A routine computation shows that the hypersurface X is smooth and admits the automorphism
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or order d — 1 given by
OV =V, (ag,ar, ..., any1) — (g, a1y ey ani1),

where £ is a primitive (d — 1)-th root of unity. Hence, X also admits an automorphism of

order p.

1.3 Hypersurfaces with automorphisms of high order

Corollary 1.3.1. : Let n > 2 and d > 3 be integers, and (n,d) # (2,4). If a prime number
p is the order of an automorphism of a smooth hypersurface of dimension n and degree d,
then p < (d — 1)+,

Proof. Since p is a prime, and n > 2, we have p # (d — 1)"*1. Suppose that p > (d —1)"*+1.

By the previous proposition, p is admissible in dimension n and degree d, so
(1-d)"=1 (modp), or (1—-d)""* =1 (mod p).
This yields

p=(d—-1)" — (=", or kp=(d—1)""?—(-1)""? ke{l,..,d-1}.

Since d — 1 = —1 (mod d), we have that d is a divisor of p or kp. In both cases, this yields
ged(p, d) # 1, wich provides a contradiction since p > d.
O

Definition 1.3.2. For every m € Z~g, the m-th cyclotomic polynomial is defined as

@, (t) = [t ).

3

where the product is over all primitive m-th roots of unity &.

It is well known that ®,,(¢) is irreducible over Q and has integers coefficients. Furthermore,

a routine computation shows that ®;(¢t) =t — 1 and for every ¢ prime and r > 1

-1

D () =114 1772 4 41, and Dy (t) = D, (17 ).

The main result about cyclotomic polynomials that we will need in the sequel is the following

UNIVERSIDAD TECNICA FEDERICO SANTA MARIA



24 CHAPTER 1. AUTOMORPHISMS OF KLEIN HYPERSURFACES

factorization

t"—1=]]®.0),

r|n

where r|n means r is a divisor of n.
Our next theorem gives a criterion for the existence of a smooth hypersurface of dimension
n and degree d admitting an automorphism of prime order p > (d — 1)". For the proof we

need the following simple inequalities:
O1(1—d)=—d, P(1—d)=2—d, O4(1—d)=d*—2d+2>(d—1)?
and
(d—1)12?<d,(1-d)=(1—-d) ' +..+1<(d—1)7",

for all ¢ > 3 prime.

Lemma 1.3.3. Let n > 2 and d > 3 be integers, and (n,d) # (2,4). If there exists
a smooth hypersurface of dimension n and degree d admitting an automorphism of prime

order p > (d — 1)", then either n =2 or n+ 2 is prime, and p divides ®,2(1 — d).

Proof. Assume that there exists a smooth hypersurface of dimension n and degree d admitting
an automorphism of prime order p > (d — 1)"™. By the previous proposition, p is admissible

in dimension n and degree d and, by the previous corollary and since p > (d —1)", it follows

that p is not admissible in dimension n — 1 and degree d. Hence (1 — d)"*2 = 1 (mod p)

(l=n+2), and so

(1—-d)"?-1=k-p, forsome ke {—(d—1)%..,(d—1)*}

If n = 2, then

= P1(1 = d)P2(1 — d)P4(1 — d)
—d-(2—d)-(d* —2d+2)
(d? — 2d)(d* — 2d + 2)

so, since p is prime, p|(d® — 2d) or p|(d? — 2d + 2), and since p > (d —1)" = (d — 1)? =
d*> —2d+1 > (d* — 2d), p divides (d* — 2d + 2), and since (d*> — 2d +2) = (d — 1)® + 1, we
have that p = (d? — 2d + 2) = ®4(1 — d) = ®,,42(1 — d).

If n 4 2 is prime, then
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(1=d)?—1= ] &0 —d) = (1—d): py2(l —d)
r|n+2

so, since p > |®1(1 — d)|, we have that p divides ®,,12(1 — d).

To finish the proof, we need to show that these two are the only possible cases. If n # 2

and n + 2 is not prime, then
n+2=gq-n, or n+2=2%

where ¢ > 3 is a prime number, n’ > 2, and i > 3.

Assume first that n +2 = ¢ - n/. In this case
(1—d)""? —1=01(1 —d) - ®,(1—d)-P(1-d),

for some polynomial P(t). Let k' := ®1(1 — d) - ®,(1 — d). Since |K'| < d(d — 1)1 <
(d—1)™ < p, then p divides P(1 —d), and then k is a multiple of k’. However, we also have
|K'| > d(d—1)772 > (d—1)%,s0 |k| > (d—1)? = plk| = |(1-d)"T2=1| > (d—1)""2+(d—1)?,
which provides a contradiction.

Finally, assume that n + 2 = 2¢, ¢ > 3. In this case

(1—d)"™ —1=d4(1 —d)-P(1—d),

for some polynomial P(t). Let k' = ®4(1 —d) = (d —1)?+ 1. Since k' < (d—1)> <p, kis a
multiple of k’. But &’ > (d — 1)? which provides a contradiction.
O

Lemma 1.3.4. Let n > 2 and d > 3 be integers, and (n,d) # (2,4). If n = 2 or n+ 2
is prime, and p = P, o(1 — d) is also prime, then there exists a smooth hypersurface of

dimension n and degree d admitting an automorphism of prime order p.
Proof. If n+ 2 and ®,,12(1 — d) are prime, then
1—d)"? —1=3(1—-d)-P,2(1—d)=0(mod ®,,5(1 —d)),

and so @, 2(1 — d) is admissible in dimension n and degree d, then by the previous
proposition, p = ®,,12(1 — d) is the order of an automorphism of a smooth hypersurface of

dimension n and degree d. If n =2, and ®,,42(1 — d) is prime, then

1-—d)?*=1=3,(1—d) - P31 —d) 4(1 —d) =0(mod u(1 — d)).
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Hence, ®4(1—d) = @, 2(1—d) is admissible in dimension n and degree d, so p = ®,,12(1—d)

is the order of an automorphism of a smooth hypersurface of dimension n and degree d. [

So, taking into account the two previous lemmas, if ®,,12(1 — d) is a prime number, we

obtain the following result.

Theorem 1.3.5. Let n > 2 and d > 3 be integers, and (n,d) # (2,4), and such that
D, 40(1 — d) is prime. There exists a smooth hypersurface of dimension n and degree d
admitting an automorphism of prime order p > (d — 1)™ if and only if n = 2 or n + 2 is

prime, and p = ®,1o(1 — d).
Proof. The proof follows directly from the two previous lemmas. O

In the following corollary, which follows directly from the previous theorem and Lemma
1.1.12, we provide a sharp bound for the order of an automorphism of a smooth hypersurface

of dimension n and degree d.

Corollary 1.3.6. Let n > 2 and d > 3 be integers, and (n,d) # (2,4). Assume that a

smooth hypersurface of dimension n and degree d admits an automorphism of prime order

p.
(i) If n =2 or n+ 2 is prime, and ®,42(1 — d) is prime, then p < &, 42(1 — d).
This bound is sharp.
(i) In any other case, p < (d —1)™.
Remark 1.3.7. Assume that (n,d) is such that ®,,2(1 — d) is prime and n # 2. Then

(1 _ d)n+2 —1

P="a a1

Prime numbers of this form are usually known as generalized Mersenne primes or repunit
primes. For d = —1 they correspond to the classical Mersenne primes and for d = 3 they are
usually called Wagstaff primes. It is conjectured that there are infinitely many such primes
( [WS79], [Mel08]).

In the following example we define the classical Klein hypersurface that will be the subject

of the remainder of this section.

Example 1.3.8. For anyn > 1 and d > 2, we define the Klein hypersurfarce of dimension
n and degree d as X = V(F) C P"T! where
F = nglxl + x‘fflxg + ...+ xﬁ_lxnﬂ + xi;llxo.

It is well known that X is smooth except in the case where d = 2 and n = 2 (mod 4) (A

proof can also be obtained using the argument from Case 1 of Proposition 1.1.7.).
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These hypersurfaces were first introduced by Klein who studied the automorphism group
of the Klein hypersurface of dimensions 1,3 and degree 3 [Kle79a]. For the proof of the
theorem below, we need the following simple lemma that follows from the uniqueness of the

descomposition of an integer in base (d — 1).

Lemma 1.3.9. Letd > 3 and ag, a1, ...,an € Z with |a;| € {0,...,d—2} for alli=0,...,N.
If >, a;(1 —d)" =0, then a; =0 for alli=0,...,N.

Proof. Note that

dai(l-d)f=0= Y a(d-1)= Y a;(d—1)

i 7 even j odd

by uniqueness in base (d — 1), we have a; = 0 for all i even and a; = 0 for all j odd.

The following is the main result of this section.

Theorem 1.3.10. Let n > 2 and d > 3 be integers, and (n,d) # (2,4), and suppose that
D, 12(1—d) is prime. A smooth hypersurface X = V (F) of dimension n and degree d admits
an automorphism o of prime order p > (d—1)"™ if and only if X is isomorphic to the Klein
hypersurface, n = 2 or n + 2 is prime, and p = @, 12(1 — d).

Proof. Since p > (d — 1)", by corollary 1.1.8, p is not admissible in dimension n — 1 and
degree d. Also, we can choose a representative ¢’ € GL(V) (¢ = ¥([r(¢)])) such that
(¢')*(F) = F and ¢’ = diag(£3°, ..., &"*"), where

0 =1(00,.0ns1) = (1,(1 —=d), (1 —d)?,..., (1 —d)™).

The Klein hypersurface previously defined admits the automorphism ¢ above. This together
with theorem 1.1.14 proves the ”if” part.

Assume now that X = V(F) is a smooth hypersurface of dimension n and degree d admitting
the automorphism ¢ of prime order p > (d — 1)". Let & C S%(V*) be the eigenspace
associated to the eigenvalue 1 of the linear automorphism (¢')* : S4(V*) — S4(V*), so that

F € £. In the following we compute a basis for £. Let x® be a monomial in S(V*), i.e.,

n+1
X =0 - xzﬂl, E a; =d, and «; >0.
i=0

We have

Xx* €& () (x*) =x* e x o0y =x" & x*odiag(l, (1 —d),...,(1 —d)"") =x*
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n+1 n+1 )
= H x?i = H(xif(lidy)aia Vo = ((to, -~~7xn+1) eV
=0 =0
n+1 ) — n+1
S1= H(f(lfd)t)ai = Xizo (I=d)'ei o Z(l —d)'a; =0mod p.
1=0 1=0

Since ay41 =d — > a;, we have

3
’

h
I
(]
2
=
|
&

s
I
o

Oéi(l — d)Z + Oén+1(1 — d)n+1

Il

N
I
<)

|

-
i
o

Ctz(l — d)l + (d - ial)(l — d)n+1
=0

ai((1—d)f — (1 —d)"*) +d(1 —a)"+

Il

o
Il
o

ai(—d) 4+ .+ (1= d)") +d(1 — d)"*2.

[

-
Il
o

Letting 8; = E;:o aj, for all 0 < ¢ < m, we have 0 < ; < 8; < d, for all # < j, and
L=d-M, where M=py+pB1(1—d)+...+B(1—d)"+(1—d)"t".
Since d is invertible in Z/pZ we have
x*€ef<L=0 modpes M=0 mod p.

By the previous theorem, we know that p = ®,,42(1 — d) and n = 2 or n + 2 is prime.

We divide the proof into two cases.

Case n + 2 is prime: In this case p=1+ (1 —d) + ... + (1 — d)" L. If B, < d — 1, to prove
M = p. For this we will prove that M is greater than 0 and less than 2p, so first let us see
that M > 0. Since 0 < 3; < 85, for all ¢ < j, we have

Bi2(l—dy 2+ ;1 (1 —d)’~" >0, Vj>3odd,

and then
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M=) Bi(l—d)i+(1—d"H
=0

= o+ (Bl —d) + Ba(1 — d)?) + ..
+ (Bu2(1=d)" P2+ B, 11 =) H + (1 —=d)" + (1 —d)™h)
> Bn(1—d)" + (1 —d)",

and since 3, < d — 1, we have 8,(1 —d)" + (1 — d)"*! > 0, and then M > 0.
Now let us see that M < 2p. If i is even, (1 —d)* < —(1 — d)'*!, then B;(1 — d)* <
—Biy1(1 —d)"*, s0

M = (Bo+B1(1=d))+(Bo(1=d)*+B3(1=d)*) 4.4 (B (1=d)" " +Bu(1=d)") +(1—d)" ",
and then, M < (1 —d)"*!. Since d > 3

M<(1-=d" ' =01-a)"2-1)<(1-d)""2+—"=)=2(1-d)"+(1—d)") < 2p.

1—-d

Then 0 < M < 2p, therefore M = p. So the previous lemma shows that 3; = 1,Vi. This
corresponds to x¢ = mijrllxo.

If B, =d— 1, to prove M = 0. Since §, = (d — 1), we have 3, (1 —d)" + (1 —d)"*! =0
and then

M=By+p1(1—d)+ ..+ Bo2(l—d)" >+ Bor(1—d)"!
= (B0 + Br(1 = d)) + (B2(1 — d)? + B3(1 — d)*) + ...
+ (Bns(1 = d)" 3 + B (1= d)""2) + B 1 (1 — d)" !
< Bpo1(l—d)" ™t

<@d-1"
< P,10(1—d)
=Dp,

and also

M =8+ (Bi(1—d)+ B(1—d)?) + ...+ (Bp2(l—d)" > + L1 (1 =d)" ") > By >0,

therefore M = 0. So previous lemma shows that 8; = 0,Vi < n. This corresponds to

X% = x‘fl_lmnﬂ.
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Let’s see that 3y cannot be d. If 8y = d, then ; = d, for all 7, and then
M=dl+(1-d)+.+1-d)")+A—d)" T =dp—(d—1)(1—d)"" =dp+ (1 —d)"*?,

but (1—d)"*2 —1 is a multiple of p, so (1 —d)"*2 can not be a multiple of p, which provides
a contradiction. If 3; =d,Vj > k+ 1 and B < d, for some k < n then

E

M=) Bi(l—d +d(1-d)!" + .. +(1-d)")+(1—d)"

Bi(l—d) +d(1+ ..+ (1 —ad)"™) —d1l+..+(1—d)") + (1 —a)" —d(1 —d)"**

Il
N
Mx.- i
[}

i=0

=0
k
=3 B - +dp+ (1AM (- ) - )

=0
k
=> Bi(l—d) +dp+ (1—d)**" —dp
2;0
=Y Bl —d)' + (1 —d)**
=0

By arguments similar to the previous ones, it can be seen that —p < M < p, therefore
M = 0, and then the previous lemma shows that 8, = (d — 1) and 8; = 0, for all i < k.

This corresponds to x* = xﬁflxkﬂ. Hence, £ = (xiﬁlxmxzflxkﬂ; 0<k<n)and
d—1 d—1 d—1 d—1
F=ag-zy z1+a1 27 X2+ ... +an Ty Tpi1+ AGuyl - Ty 1T0-

Since X = V/(F) is smooth, by Lemma 1.1.5, a; # 0,Vi and applying a linear change of

coordinates we can put
F = .Ifg_ll‘l + x‘f_lxg + ...+ xi_lxn_ﬂ + xi:_llxo.
CASE n = 2: In this case p = (d — 1)> + 1 and so
M = Bo+Bi(1—d)+ B2(1—d)* + (1—d)* = Bo+ B1(1—d) + Ba((1 — d)* + 1) — B + (1 —d)®

= Bo+Bi(1—d)— B2+ (1—d)® mod p,

SO
M=p8+p1(1—d) —Bo+(1—-d)>+(1—d)—(1-d)
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=B+ p1(1—d)—po—(1—-d)=(Bo—P2)+ (61 —1)(1—d) mod p.

So (Bo — B2) + (81 — 1)(1 — d) is a multiple of p. Also, we have
p>(d=1)2(Bo—F2) + (b1 —1)(1 —d) =2 —d — (1 - d)* > —2p,

then (B — fB2) + (61 — 1)(1 —d) =0 or (Bo — B2) + (B1 — 1)(1 —d) = —p. If (Bo — B2) +
(81 —1)(1 —d) =0, then (1 —d)|(Bo — f2), furthermore we have to —d < By — B2 < 0, then
Bo—0B2=00r Bg—Bs=1—d. If B9 — B2 =0, then 81 =1, so By = f1 = B2 = 1, this
corresponds to x® = x4 txg. If By — B2 =1 —d, then fo =d, By =1 or o =d — 1,5, =0,
in both cases 81 = 0, then 5y = 0 and B> = d — 1, this corresponds to x* = xg_larg,. If
(Bo — B2) + (B1 — 1)(1 — d) = —p, we have

(Bo—B2) + (Br=1)(1 —d) = 1= (d=1)* > 1+ (Bo — f2) + (Br = 1)(1 —d) + (1 = d)* = 0

=14+ Bo—P2)+ Al —d)—d(l1-d)=0=1+ (B0 = f2) + (AL —d)(1 —d) =0
= 14 (Bo — B2) = (d = 1)(B1 — d),

then, (d — 1)|(1+ Bp — B2), and since 1 —d <14 By — 2 < 1, we have
1480—B2=0 or 1+By—pf2=1—d.

If1+ 59— B2 =1—d, then Sy — B2 = —d, so By = 0,5, = d—1 and By = d, this corresponds
to x* = x‘f_lxg. If 14+ 8y — B2 =0, then 5y =d— 1,5, = d and 85 = d, this corresponds

d—1
Lo

to x* = 1.

Hence, £ = (z0 ‘o, 25 ag, 29 23, 24 1 20) and

d

F:a0~x0_1x1+a1~xd !

1_1z2 + as - :cg_lxg +as - xg_ .
With the same argument as above, we can apply a linear change of coordinates to put

d—1 d—1 d—1 d—1
F=xy o1 +a] 2o0+25 23 +25  2p.

1.4 The differential method

Fix a vector space V over C of dimension n+ 2, this time with n > 1. For an automorphism
¢ V. = Vin GL(V) we denote its image m(¢) by ¢. On the other hand, given an
automorphism ¢ € PGL(V) we choose a preimage by m and we denote it by ¢ € GL(V).
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The automorphism ¢ induces an automorphism @* : V* — V* on the dual space V* given
by @*(L) = Lo@. Consequently, it also induces a grade automorphism ¢* : S(V*) — S(V*)
on the symmetric algebra S(V*) of the vector space V* given also by ¢*(F) = F o . This
automorphism restricts to an autmorphism @* : S4(V*) — S4(V*) of forms of degree d.

Let now X be a hypersurface of P(V') given as the zero set of a homogeneous form F €
S4(V*) of degree d. From previous results, we know that if d > 2 we have the following

isomorphism

Lin(X)=2{pe PGL(V) | p(X)=X}={p € PGL(V) | g*(F) = AF for some A € C*}.

The so called differential method has been used to constrain, in some particular cases via
ad-doc constructions, the shape of the matrices in PGL(V') defining an automorphism of a
hypersurface X in P(V') given by a form having, in a certain bases, few monomials. We will
give a general treatment of it in this and the following section.

Let us fix some notations in order to do computations in coordinates. Let 8 = {eq, ..., ep+1}
be a basis of V and * = {xq, ..., x,+1} be the corresponding dual basis of V*. This choice
also endows V* with a dot product for wich #* is an orthonormal basis, i.e., z; - z; = 1 if
i =jand z; -x; = 0 if ¢ # j. Furthermore, the choice of a basis also induces a canonical
isomorphism of the symmetric algebra S(V*) and the polynomial ring C|xq, ..., Z;,11]. Under
this isomorphism, a form F' € S(V*) of degree d corresponds to a homogeneous polynomial
of total degree d. Moreover, after this choice of basis, an element ¢ in GL(V) is given by a

matrix (©;;).
Definition 1.4.1. Let D be the directional derivate operator

oF

DV xS(V) = SV), (a.F) > 5 =V(F) .

For a fized homogeneus form F € S(V*), define the specialization of D given by

Dp:V* = S(V*), x> Z—i =V(F)- .

Recall that the rank of a linear operator is the dimension of its image. We define the
differential rank of a form F € S(V*) as diff. rank(F) := rank Dp.

The key idea of the differential method is that the differential rank does not change if we
replace F' by ¢*(F'), where ¢ € GL(V).

Proposition 1.4.2. ( [OY19b] ). Let F,G € S(V*) and let § € GL(V) be such that
¢*(G) = AF for some X € C*.Then diff. rank(F') = diff. rank(G).

Proof. Using the bilinearity of D and the chain rule, we obtain that
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Ay =VOF) 2 =V(Gog) 2= ((VG)o ") §(x) (L4.1)
— (V(G)-§"(x)) 0 " = 8(8;36) 05 = ( . (8;x)> ze v (1.4.2)

Hence
AN@*)to Dp)(x) = (Dg o @*)(z), Yo € V*

and then, the following diagram

L N -7 7!

WJ lx(s’a*rl

ve —L2e 5

is commutative. Hence, the ranks of Dr and D¢ agree since both vertical arrows are

isomorphisms.

O

As a corollary we obtain the following lemma that we will use to constrain the shape of the

automorphism groups of certain hypersurfaces including Klein hypersurfaces.

Corollary 1.4.3. Let X be a hypersurface in P(V) given by a homogeneous form
F e S(V*) and let ¢ € PGL(V) be a linear automorphism of X. Then for every x € V*

we have oF OF
diff . rank (8:17) = diff. rank (8((,5*1)) .

Proof. Since p is an automorphism of X, we have that ¢*(F) = Fop = AF for some A € C*.

Now, if we consider G = F' and use the first part of the proof of the previous proposition,

5 =% (an) = (o)

Then, we have that £, % € S(V*) be such that ¢* (8(%7’;)) =\ with g € GL(V)

and A € C*, and then all the hypotheses of the previous proposition are fulfilled, therefore
. AF\ _ 71 oF
dlff.rank(%) = dlff.rank(i*x» .

we obtain that

e
O

Remark 1.4.4. For a generic homogeneous form F € S(V*) we have ker Dp = {0} and so
the differential rank of F is dim(V ) = n+2. In particular, if X is smooth of degree greather
than one then the corresponding form F has differential rank dim(V'). Nevertheless, we

apply the previous corollary in the cases where the differential rank of % for a particular
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choice of x € V* drops, this puts constrains on the shape of the matrices that appear as

automorphisms of X since the differential rank of % must also drop.
Definition 1.4.5.

1. A matriz is a generalized permutation matriz if there is at most one coefficient different
from 0 in each row and each column. We denote by GP(V, ) the subgroup of all
@ € GL(V) such that ¢ corresponds to a generalized permutation matriz with respect
to the basis 8. We also denote by PGP(V, ) the image of GP(V.03) in PGL(V'). Note
that every generalized permutation matriz is the product of a diagonal matriz and a

permutation matriz.

2. A matriz is a generalized triangular matriz if it is of the form PyT P, where Py and
Py are permutation matrices, and T is upper triangular. We denote by GT(V,3) the
subset of all o € GL(V') such that ¢ corresponds to a generalized triangular matriz
with respect to the basis 8. We also denote by PGT(V, () the image of GT(V, ) in
PGL(V).

The groups GP(V, 3), PGP(V, B), and the sets GT(V, 8) and PGT(V, ) are indeed dependent
on the choice of a basis as the notation suggest.

In order to show that the automorphism group of most simple hypersurface consist of
generalized permutations, we need a notion of sparsity of the set of monomials appearing in

a homogeneous form in a given basis.
Definition 1.4.6. Let F € S4(V*), and B and B* be dual bases of V and V*, respectively.
1. We define the distance between two monomials [ 2% and [ 2% as the sum 3, [a;—by].

2. We define the sparsity of F with respect to B, denoted by Spar(F'), as the minimun
of the distance between the monomials of F after identifying S(V*) ~ Clzg, ..., Tp41]

via the basis 3.

3. We define the variables of F, denoted by Vars(F), as the set of variables appearing in
F, i.e., Vars(F) is the smallest subset of B* such that F is contained in S¢(W) with
W the span of Vars(F).

Note that the sparsity of a homogeneous form is always an even non-negative integer. When
the sparsity of a form is greater than 2, we can compute its differential rank directly as we

show in the following lemma.

Lemma 1.4.7. Let F' € S4(V*) be homogeneous of degree d > 2. If Spar(F) > 2, then
diff-rank(F') equals the cardinality of Vars(F).

Proof. To prove that Ker Dp = < f*\Vars(F) >.
Let J C {0,...,n+ 1} the set of indices of the variables appearing in F', i.e., z; € Vars(F) if
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and only if j € J. Let z €< *\Vars(F) >, thenexists \; € C, withi € I := {0, ...,n+1}\J,

such that
Xr = Z /\Z‘in,
il
then
=D )\i i) = )\iD ) )‘
PO Niwi) = D NiDp(wi) =3 3%
el el el

because x; ¢ Vars(F), i.e., z; is not a variable of F, therefore g—i = 0, and then = €

Ker Dp. Therefore < 8*\Vars(F) >C Ker Dp.
If €< Vars(F) > \{0}, then
xr = Z )\jl‘j,

jeJ

where \; € C. Since d > 2, we have that 371“; = 0, for all 7 € J. Suppose by contradiction
that © € Ker Dp. Since x # 0, we have that A« # 0, for some j* € J. Let x“ be a

oF
da;- 0 1€

:Hm?j7 Zaj:d—l, andOéjZO,

JjeJ JjeJ

then, since © € Ker Dp, we have

0= Dr(z) = Dp Z)\xj :Z)\jDF(IJ Z/\Jag; 3837] * Z )\

jeJ jeJ jeJ FE€IN{G*} &

and since the monomials are 1.i., there exists some j' € J\{j*} such that x® is also a

monomial of %, but, if x* is a monomial of a‘?f* and -, then x%z;+ and x%z; are

monomials of F' ,J but the distance between these twoJ monomlais is 2, which is a contradiction

since Spars(F) > 2, therefore Dp(z) # 0, and then = ¢ Ker Dp, and then Ker Dp =<

B \Vars(F) >.

So diff rank(F) = rank(Dp) = dim V* - dim Ker Dp = n+2 — #I = #J = #Vars(F).
O

We now define a relation on the dual basis 8* of V*.

Definition 1.4.8. Let F' € S(V*) be homogeneous of degree d > 2, and 8 and $* be dual
bases of V. and V*, respectively. We endow the set 8* = {xq, ..., xnt1} with the relation <p
given by

oF oF
- < ; - — .
z; <pxj; <= Vars <8xi) CVars <8xj>

Remark 1.4.9. The set 8* together with the relation <p may not be a partial order. We
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call a partially ordered set a poset for brevity. Indeed, let f* = {xo,x1,22,23}, and d > 3
and consider first

d—1 d-1 d_ d
F =z oy + 27 2o + 25 + 23.

Then (8*,<F) is not a poset since xo <p x1 and x1 <p zg. On the other hand, if we
consider instead

d—1 d—1 d—1 d—1
F=xy o1 +x] xo+xy x3+ 23 Tp,

we have that (B*,<r) is a poset since x; and x; are not comparable whenever i # j. We

say that such a poset, where x; <p x; implies i = j, is trivial.

We now come to the main theorem of this section wich provides strong restrictions on
the shape of the automorphism group of a smooth hypersurface under certain sparsity

conditions.

Theorem 1.4.10. Let X = V(F) C P(V) be a smooth hypersurface of dimension n > 1
and degree d > 3 with (n,d) # (1,3),(2,4). Let also B and B* be dual bases of V' and V*,
respectively. If Spars(F) > 4 and (6*,<p) is a poset then Aut(X) C PGT(V, ).

Proof. Let ¢ € Aut(X). By Theorem 1.1.2, ¢ is the restriction of an element of PGL(V)
in X, and we know from Proposition 1.1.6 that such element is unique, so we can consider
@ € PGL(V), and then, we can pick a representative ¢ € GL(V') such that ¢*(F) = A\F.
We represent ¢ in the basis 8 by a matrix (@,;) so that @* : V* — V* is given in the basis
B* by the matrix (p;;). With this notation, we have

8F n+1 n+1 n+1
=~ = VF-0"(x;) =VF- PiiT; pii VF - x; Dij
5 @) Z 5% Z iV Z aax

And since Spar(F) > 4, we have that Spar(%) > 2. Hence, by the previous Lemma

we have

dlﬁrank<a(£€m)> #Vars(a(j}(;i))):# U Vars<g£) (1.4.3)

{d1@i;#0}

Here, the last equality follow from the fact that Spar(F) > 4 , and then Spar ( ) > 2,

’F

and ax o,

in particular, Spar ( ) > 2, for all j such that ¢;; # 0 and for that az Bm

never share a common monomial if j # j', therefore W = > U137, £0) (pijm isa
sum of 1.i. monomials, and for that variables are not canceled.
By the previous corollary, we have diff. rank ( ) = diff. rank(m).

Let us prove by induction that for all ¢ = 0,...,n 4+ 1, we have

O™ (Ti) = PijTj + Pijy Tjy + +v + Pijy T
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with diff. rank (g%) = diff. rank (g—f) and z;, <p x; for all £ € {1,...,k} and that the

assignment x; — x; gives a permutation of the variables for which diff. rank (%) is equal
to a fixed value.
Let z; be such that g—i has a minimal possible differential rank, hence we claim that
¢*(x;) = @ijxj, where x; is such that diff. rank (g%) = diff. rank (gTF) Suppose, by
contradiction, that

(@) = Gijxj + Piji Tjy + o+ Pig Ty

where x; # x;, for some [ € {1,...,k}, and both coefficients @;;, ¢;; # 0. Then, we would

have:

. OF\ . OF
diff. rank <(9x1) = diff. rank (W)
oF
= Vars —
#vors (58
=4 U Vars ((,f;;)

{m|@im 70}
OF OF

> PR Q

=7 (Vars (axj) UVarb ((Q)le )) ’

but since diff. rank (8—F> = # Vars (6—F) and diff. rank ( oF ) = # Vars (a—E), the only
oz Ox Oxj,

aa;jl

way to preserve the minimality of diff. rank (375) is if

however, in that case, since (8*,<p) is a poset, it follows that z; = z;,, contradicting
our assumption, therefore ¢*(x;) = @;;x; and diff. rank (g—i) = diff. rank (gTFj)' Note
that since (¢;;) is an invertible matrix, the assignment z; — x; gives a permutation of the
variables for which the diff. rank (%) attains the minimum.

Assume the claim holds for all variables with differential rank less than N and that the
assignment x; — x; is a permutation of the set of variables x; such that diff. rank (%) =
m < N.

Let

S = {zm € B diff. rank (aaxF> < N}).

m

By the induction hypothesis, we have

¢r(5) C S,
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but since ¢* € GL(V*), it follows that
dim(¢*(S)) = dim(S),

and therefore ¢*(S) = S. If x; € 5* is such that diff. rank (aFi

87) = N, then z; ¢ S, which

implies that
QT = 0T + Pijy Tjy + o + Pif Ty
with
. OF
diff. rank (%) =N and z;, <p x;,Vl € {1, ..., k}.
And again, using the fact that ¢* € GL(V*), we conclude that the assignment z; — z;
defines a permutation of the variables x; for which diff. rank (%) = N. This prove the
claim.
To conclude the proof, let P; be the permutation matrix that is the inverse of the assignments
x; — x; and let P, be any permutation matrix reordering the variables so that the differential
rank of x; is smaller or equal than that of x; whenever ¢ < j. Now PP, is an upper
triangular matrix, proving that ¢ € GT(V, ) and so ¢ € PGT(V, ).
O

1.5 Automorphisms of classical hypersurfaces

Corollary 1.5.1. Let X = V(F) C P(V) be a smooth hypersurface of dimension n > 1
and degree d > 3 with (n,d) # (1,3),(2,4). Let also 8 and 5* be dual bases of V' and V*,
respectively. If Spar(F) > 4 and (8*,<p) is the trivial poset then Aut(X) C PGP(V, ).

Proof. Since (8*, <p) is the trivial poset, in particular is a poset, and then all the hypotheses
of the previous theorem are satisfied, therefore Aut(X) C PGT(V, 3).
Let be ¢ € Aut(X) and z; € 8*, if we suppose by contradiction that ¢ ¢ PGP(V, ) then

exist z;,2;,,...,x;, € * where x; # x;, for all l € {1,...,k}, and

P(ws) = ijxj + Pijs Ty + - + Piji T
with diff. rank (gTF) = diff. rank (3712) and z;, <p z;, for all [ € {1,..., k}, but how
(8*,<p) is the trivial poset, then xz;, = a;, for all [ € {1, ..., k}, and then

o(x;) = @ijxj + Piii,

but
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oF . oF : oF oF OF
8xi> = diff. rank (81‘1-) = diff. rank <(9<Z*l‘z> = #(Vars (ax]) U Vars <8xi))’

and then Vars (gTF) C Vars (O—F), and then x; <p z;, and since (8*, <p) is a trivial poset,

3 611

# Vars <

xj = x; which is a contradiction since x; # x; = x;, therefore ¢ € PGP(V, 3) O

As an application of the previous result we will show that for simple hypersurfaces, all
automorphisms are generalized permutations. Our definition of simple hypersurfaces is
inspired on the main result of [Zhe22], wich claims that every abelian group acting on any
smooth hypersurface can be realized as a subgroup of the automorphism groups of these

simple hypersurfaces.

Definition 1.5.2. We say that a smooth hypersurface X = V(F) given by a homogeneous
form F € SY(V*) of degree d is simple if, after possibly renaming the elements of the basis
B* of V*, the form F is given by

F=Ki, +Ky,+.+K,+T; +..+Tj,,

where K; = 333#1@ + 3337113 + .t :c;-j*lm is the Klein form of degree d in i variables,
T; = yf*1y2 +...+ y?:llyj + y;»i is the Delsarte form of degree d in j variables, and all such
Klein and Delsarte forms have linearly independent variables. In consequence i1 + ... +1; +

14 et G = dim(V) = n + 2.

Corollary 1.5.3. Let X = V(F) C P(V) be a simple hypersurface of dimension n > 1
and degree d > 3 with (n,d) # (1,3),(2,4). Let also 8 and B* be dual bases of V and V*,
respectively. If Spar(F) > 4 then Aut(X) C PGP(V, 8).

Proof. If x; is a variable appearing in the Klein
_d-1 d—1 d—1
K= T Ty + Ty, Tig + e T Ty,

then we have that OF oK
o = g = el = D

if ¢ # 41,4m- In case it is the first variable of this Klein, then

oF _ _
oy = (= D
and if i = 7,,, then
oF _ _
8-751‘, - xfrrzjl + (d B 1)x7zdm2zi1 :
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Therefore, we have that if x;, z; are two distinct variables appearing in the Klein, then

Vars OF C Vars a—F .
83:1- - 8mj

In the same way, we can see that in the case of Delsarte forms

d—1 d—1 d—1 d
D =y i, T Y5, s T+ Y5 Y Y

the only nontrivial relations are y;, <r y;, and y;, <r y;,_,, Therefore, these two are the
only nontrivial relations in all of F. In particular (8*, <) is a poset.

Therefore, all hypothesis of the Theorem 1.4.10 are verified, then we have Aut(X) C
PGT(V,5). Let ¢ € Aut(X), then we have ¢ € PGT(V, ). Suppose by contradiction
that ¢ ¢ PGP(V, 3). then, there exists a variable z; such that

D" (2i) = Giguj + Pijy gy + oo+ Pijy iy,

where diff. rank (g%:) = diff. rank (%«;)7 and uj, <p u; for all k € {j1,...,5i},and the u;,
are variables distinct from wu;.

Since the only nontrivial relations are y;, <r y;, and y;, <r vy;,_,, we have only two cases
" (2i) = PijaYja + Pisi Yins
or
" (i) = Pisi ¥ + Piji1Yjra-
Without loss of generality, we can suposse that
9" (2i) = PijaYja + Pijr Y -

We have that y;, <p yj,, therefore diff.rank (g) = diff. rank <387F) = 3, and then we
: s

have that z; appears in F' in two terms zf:llzi + szlziﬂ.

Let u; be a variable different from z;. If

diff. rank <8F) =2,
8ui

then @*(u;) = cy;, or @*(u;) = cyj,. On the other hand, if

diff. rank <8F) =3,
aui

then ¢*(u;) cannot contain the variable y;, as one of its terms. This is because, from the
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previous theorem, we know that @* permutes variables with the same differential rank (up
to adding multiples of other variables), and we already have z; — y;,.

Therefore, the only way y;, could appear as one of the terms of ¢*(u;) is if there exists

oF
diff. rank =
iff. ran <8hi) 3

and y;, <r h;. However, this does not happen if h; # y;,.

another variable h; such that

For all these reasons, the only monomials in ¢* F' in which the variable y;, appears are those

coming from
& (2i—1) 10 (2i) + 87 (20) B (2ig1),

these include the monomials

& (2i-1)" s, yi_Qyjz@*(ZiH) +o y;‘iQ_lSZ*(Zi+1)~

On the other hand, the form F' contains the monomial y;il_lyh, which leaves us with only
two possibilities, either ¢*(z;_1) = ay;, or ¢*(zi41) = ay;, -
If *(2i—1) = ayj,, then $*(z;41) is composed of variables different from y;, and y;,. Let u;
be one of the variables appearing in ©*(z;+1). Then one of the monomials in y?;Qng 0" (zit1)
would be

Yy,
which does not appear elsewhere in ¢*F', and thus will not cancel out. However, this is not
a monomial of F'| leading to a contradiction.
Similarly, if $*(zi+1) = ay;,, then $*(z;_1)¢"1y;, contains a monomial that does not appear
anywhere else in ©*F, and therefore does not cancel. However, this monomial is not part
of F', which leads to a contradiction.

Then we have, ¢*(2;) = @;j,v;, and therefore
Aut(X) C PGP(V, B).

O

Definition 1.5.4. Fermat hypersurfaces The Fermat hypersuface X = V (F) of dimension

n and degree d is given in the basis 8* by the form
F:xg+m‘1{+x§l+xg+...+xz+xi+l e S4V).

The following theorem is well known [Shi88,Kon02]. Nevertheless, we prove it as a straightforward
application of the previous corollary. We remark that the Fermat hypersurface is simple

since the form F' is given as the sum of n + 1 Delsarte forms of degree d in 1 variable.
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Proposition 1.5.5. The automorphism group of the Fermat hypersurface X = V(F) of
dimension n > 1 and degree d > 3, with (n,d) # (1,3),(2,4) is ismorphic to

Aut(X) = (Z/dZ)" % Spyo

Proof. If ¢ € GL(V) correspond in the basis 8 to a matrix of permutation, then exists a
unique sz € Sy, 12 such that o(e;) = es_;, for all i = 0,...,n + 1, and how sz € S,;2, then
also sgl € Spy2. And then, we have that z; 00 = To=1(i)s and for that xf oo = xggl(i)’
therefore, how sgl is a permutation of the set {0,...,n + 1} and the sum is associative and

commutative, we have
G*F=Fos=(af+a{+..+2l+2% )od=afoc+a{oc+..+al05+2l 057

= xfgl(o) + xfs,l(l) ot a2t 4ot =gl ad+ . a2l foH =F,

5= (n) sal(n-&-l)
and then o € Aut(X). Therefore the image in PGL(V) of every permutation matrix (with

respect the basis ) is an automorphism of X.

Also, taking any two monomials of F, we have that their distance is 2d, and for that
Spar(F) = 2d > 2-3 =6 > 4, and then by the previous corollary we have that Aut(X) C
PGP(V, 8).

We already know that the image in PGL(V) of any permutation matrix is an automorphism
of X, so we only need to determine the automorphisms of X that are given by images of
diagonal matrices in PGL(V).

Let D < Aut(X) be the subgroup of automorphism of X such that they are the image in
PGL(V) of diagonal matrices. We want to prove that D = (Z/dZ)"*!.

Let ¢ be a primitive d-th root of unity. Let us define the morphism ~ : (Z/dZ)"*! — D
given by

(k) = 7(F(k)), where ¥(k)(eq) = eo and F(k)(e;) = ¥e;, Vi=1,..,n+1,

k= (k1, .o, kni1) € (Z/dZ)" 1.

It is not hard to see that v is well defined, i.e., if k € (Z/dZ)"*!, we have that y(k) is indeed
the image in PGL(V, B) of a diagonal matrix, this is by the definition of 7, we have (k) (e;)
is a multiple of e;(and also ¥ no depends of the representative in Z/dZ of k;, since ¢ is a

primitive d-th root of unity), and v(k) € Aut(X) since 5(k)*F = F(since ¢? = 1), and (k)
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by definition is a representative of v(k), so (k) € D. And 7 is a morphism since
ARy e k) + (11 Dn))(€0) = F((R1 A+ Dy ooy b+ 1)) (€3) = €M F ey = €M1 (€lvey)

=5((kr, oo b)) (G (15 s ) (€0) = (((Ras oo b)) 0 V(s s D)) (€2), Vi=1,.,n+ 1,
and %((k‘h ) kn) + (llﬁ ) ln))(eo) = [:Y/((kll’ ) kn)) 0 :?((lla ...,ln))](eo), since
Y(@)(eo) = eo, Vu € (Z/dZ)"*",

therefore 5§ : (Z/dZ)"** — GL(V) is a morphism of groups, and since 7(p7; o P3) =
(1) o m(ip2), we have that v is morphism of groups.
Injectivity: Let be k € (Z/dZ)"** such that (k) = Id € Aut(X), then n(5(k)) = Id €

PGL(V), and then, exists A € C* such that 7(k) = AId € GL(V'), but since ¥(k)(eg) = eq, we
have A = 1, and then J(k) = Id, and for that, 7(k)(e;) = e;, for all i = 0, ...,n + 1, therefore
i =1, for all i = 1,...,n + 1, and since £ is a primitive d-th root of unity and k; € Z/dZ,
we have that k; = 0, for all i = 1,...,n + 1, and then k =0 = (0, ...,0) € (Z/dZ)" .

Surjectivity: Let be ¢ € Aut(X), then ¢*(F) = AF for some A € C* without lost
of generality we can considerer A = 1 (redefining if necessary @ by choosing another

representative of ¢), and then
~d ,d | ~d . d ~d ,d | ~=d d _.,d_ .d d d
(POOxO + (pll‘rl +...+ @nnmn + Qpn+1,n+1xn+1 - xO + {I?1 +...+ xnn + xn+1,n+1

=L =1,¥i=0,...,n+1.

~ ~ ~ zi \ @ 7
And let be ¢ = L3, then we have dop = 1, and 9¢ = (g—) = Z = 1, for al
i=1,..,n+1, ie, 1; is a d-th root of unity, so exists kX € Z/dZ such that ¢;; = €5 and

then, let defined k* = (ki,...,k}; 1), so

o =7(p) = m(¥) = 7(V((KT, - kpi1))) = 7(7(R)) = m(v (k).
Therefore D ~ (Z/dZ)"**, and then
Aut(X) = (Z/dZ)" " x S, 1.

O

Definition 1.5.6. Delsarte hypersurfaces The Delsarte hypersurface X = V(T) of

dimension n and degree d is given in the basis 8* by the form

d—1 d—1 d—1 d
T=zy x1+2] T2o+..+3, Tni1+Th,,
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Proposition 1.5.7. The automorphism group of the Delsarte hypersurfaces X of dimension
n > 2 and degree d > 4, with (n,d) # (2,4) is isomorphic to

Aut(X)=27/(d—-1)""'z

Proof. Since Spar(T) =2d —2>2-4—2=8—2 =6 > 4, by the previous corollary, we
have Aut(X) C PGP(V, 3).

Let be 0 € Aut(X) with representative & € GL(V) a matrix of permutation with respect to
the basis 3, then exists a unique sz € Sp42 such that o(e;) = e,_(;, for alli =0,...,n + 1,
and how sz € S, 42, then also sgl € Spio, and o*(x;) = x;00 = Tty and since sgl is a

permutation, we have that Ty =+ T if 1 £ j, so
Vars(a* (8 ei)) = Vars(x‘jgl(i)xsgl(iﬂ)) =2,

therefore o*T corresponds to the sum of the monomial xdjl

S

(nt1) plus n + 1 monomials
where each of these n 4+ 1 monomials is formed by two va;iables, so there is no way for
monomial x‘si_l (nt1) to cancel out, and for that, the only way for *T to be a multiple of T’

is that Ijrl =a¢,,, and then s;'(n + 1) = n + 1, then sz(n + 1) = n + 1, and then

N (n+1)
U(en—i-l) = €n41-
Then, using similar reasoning, analyzing the variables of each of the monomials mf,l (@ Tszi(i41)

we have that there is no way for monomial xf ZTn41 to be cancelled,

_ d
)Tz (n+1) T Tz
and in addition, it is the only monomial that is the product of a variable raised to d multiplied
by the variable x,,1, so for a*T to be a multiple of T', necessarily xggl(n)x"-ﬁ-l = xzxﬁﬂ,
and then s5'(n) = n, so s5(n) = n, therefore 5(e,,) = e,,. Then, repeating this procedure n

more times, we will obtain
o(en—1) = en-1,0(€n—2) = €n_2,...,0(e1) = e1,7(eo) = €,

therefore o = Id € GL(V).

Then, we have Aut(X) = D, where D < PGL(V) is formed by the images of diagonal
matrices in PGL(V). we will prove D ~ Z/(d — 1)"*'Z.

Let be v:Z/(d — 1)"*'Z — D a morphism of groups given by

v(k) = w(7(k)), where ¥(k) € GL(V) is such that

Y(k)(e;) = fk(lfd)iei, foralli=0,..,n+1.

It is not difficult to see that v is well defined and that it is indeed a group morphism. To
prove v is injective.

If v(k) = Id € PGL(V), then w(y(k)) = Id, and then J(k) = A d € GL(V) for some A € C*,
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but since ¢ is a primitive (d — 1)"*1-th root of unity, we have

= k=™ e ) = (g1

Aeny1 = (k) (en+1) ent1 = 1"ent1 = ent1,

so A = 1, and then (k) = Id, therefore 7(k)(e;) = e;, for all ¢ = 0,...,n + 1, in particular
treg = R-D 0 = F(k)(eg) = o, so ¥ =1, and then k = 0 € Z/(d — 1)"*1Z. To prove ~
is surjective.

Let ¢ € Aut(X), so *T = AT, for some A € C*, without loss of generality, we can consider
A =1, and then ¢*T =T, so we have

~d—1~ d—1 ~d—1~ d—1 ~d—1~ d—1 ~d d
Yoo P11TG  T1+ P Py T2t Opy Pngln41T,  Tpgl T+ Prnt+1,n+1Tn+1

d—1 d—1 d—1 d
=Ty T1+x] Tot..+T, Tpy1+Tpig,

1

so we have @ZH ni1 = 1, and then, is we defined ¢ = R

d

©, since T is a form of degree

d

~ ~ 1 _ 1 . -~

VT =Toy=To (~gp) = <~> Top=Top=¢"T=T,
San+1,n+1 §0n+1,n+1

therefore we have

m(Y) = %TZZH@HJH =1, foralli=0,...,n and &n+1,n+1 =1,

then we have, wgo_l = Ji or equivalent 1/)30_‘1 = 111, and also, we have 7721%1_d = 1)9q,
11

q_ S o .
oy @ = V33, hi -4 =), 1 11, and for this reason

~(1—d)"t! 1 —d)" ~(1—d)" 1 —qyn—1 ~(1—d)" ! (1—d)" 2
(()o ) = (@/’éo d)(l D" = §1 "= (1/&1 d)(l I = 7/)52 : = :5)3 ) =
~ ~ ~(g_1)n+1
= ¢711;d = wn+1,n+1 =1= 'l/](()fl) Y =1,
therefore exists k* € Z/(d — 1)"*'Z such that, Yoo = €8 and also, ¢y = 8 =D since
~(%7d)1 = 1;“-, so we have J(k*)(e;) = ghr-d)e, — IZn‘@i for all ¢ = 0, ...,n + 1, therefore

(k") = &, and then y(k*) = 7(F(k*)) = 7() = 7($) = ¢.
Therefore D ~ Z/(d — 1)"*'7Z, and then

Aut(X) =2Z/(d—1)""'Z.
O

Definition 1.5.8. Klein hypersurfaces. The Klein hypersurface X = V(K) of dimension

n and degree d is given in the basis * by the form

d—1 d—1 d—1 d—1 d—1
K=z "z +2y ®2+2xy w3+ ...+T, Tny1+ T, %0,
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Proposition 1.5.9. The isomorphism group of the Klein hypersurface X of dimension
n > 2 and degree d > 4, with (n,d) # (2,4) is isomorphic to

Aut(X) = (Z/mZ) x Z)(n + 2)Z

where m = M.

Proof. Since Spar(K) = 2d —2 > 2-4—2 = 6 > 4, by the previous corollary, we have
Aut(X) C PGP(V, ). Let be P < Aut(X) the subgroup of autmorphisms of X such that
they are the image in PGL(V') of permutation matrices. Let us prove that P ~ Z/(n+ 2)Z.
Let be v : Z/(n + 2)Z — P the morphism of groups given by (k) = w(7(k)), where
J(k)(e;) = ejug, for all i = 0,...,n + 1 (here i + k denotes the remainder obtained by
dividing it by n + 2, for example, if k = 1, then ¥(1)(ep+1) = €o).

~v is well defined, indeed if k € Z/(n + 2)Z, then

(k) K = K o3(k)

=2y w0 F(k) + 2wy o (k) + -+ 2 wng1 0 (k) + iy i@ 0 F(k)
=i jriop el me e+ 2 e + 2 Tom
= I(7

therefore (k) = m(7(k)) € Aut(X), and is a morphism, since

(k1 + k2)(e;) = (ko + k1) (es)
= Cit(katk1)
= Clitk2)+h
Y(k1)(€itr,)
V(K1) (Y (k2)(eq))
= [(k1) o y(k2)l(ei), Vi=0,...,n+1
= (k1 4 ko) = F(k1) 0 Y (k2)
= (k1 + k2) = y(k1) o y(ka).

To prove 7 is injective. If v(k) = Id € Aut(X), then n(Y(k)) = Id € PGL(V), then
(k) = Md € GL(V), for some A € C, but since (k) is a permutation matrix, we have A = 1,
and then ¥(k) = Id, then J(k)(eg) = eg, and then eg; = eg, therefore k = 0(modn + 2),
and then kK = 0 € Z/(n + 2)Z. To prove v is surjective. Let ¢ € P and 0 € GL(V) the

permutation matrix representative of o, then ¢*K = K, and then, is not hard to see that
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o must satisfy that if o(e;) = e;, then o(e;41) = €j41. Let be k* = j — 4, then we have
(k*) = 7, and then y(k*) = . Therefore P ~ Z/((n + 2)Z.

Let be D < Aut(X) the subgroup of atumorphisms of X such that they are the image in
PGL(V) of diagonal matrices. To prove D ~ Z/mZ, where m = W.

Let be a : Z/dmZ — D, where o = w(a(k)), and a(k)(e;) = eF=D'¢; foralli=0,...,n+1.
Is not hard to see that « is well defined and is a morphisms of groups. To prove « is surjective.
Let be ¢ € D and ¢ € GL(V) a representative of ¢ such that *K = K, then we have
¢Z71¢i+17i+1 =1,foralli=0,...,n, and @i;117n+1§500 =1, so we have

~(1*d)2 - ~(

~ _ ~1-d _ 1—a)" ™t _ ~(1-d)"*?
P00 = Pntint+1 = Pnn - =P = Poo

~(d—1 n+2 —1 n+2
= 90(()0 ) U <

b

S0 oo is a dm-th root of unity, therefore Ik* € Z/dmZ : poo = €F" | then, since gL ¢ =
Qit+1,i+1, for all § =0, ...,n, we have @;; = cﬁ(%*d)l, for all i = 0,...,n + 1, and then we have
(=4 — i, for all i =0, ...,n + 1, therefore ¢ = F(k*), and then (k*) = ¢.

But v is not a isomorphism, since if k** € Z/dmZ is such that (¢ )% = 1, then we have

fk**[(l—d)i—(l—d)j] _ [(fk**)d] (—d)'—(1-d) _ 1(1—d>";<17d)-7’ _

)

so (M- = ¢FT(=d)Y ang the¥) = F(k*) = &8 Id, therefore y(k™*) = Id € Aut(X),
so k** € Ker(y). On the other hand, if k** € Ker(y), then y(k**) = Id € Aut(X),
so ¥(k*) = AMd € GL(V), but since 7(k*)(eg) = & eg, we have A = ¢ and then
ek = b= for all i =0, ...,n+ 1, so
Ek** _ gk**(l—d) = fk**d —1= (Ek**)d _ 1,
so k** is such that £ is a d-th root of unity. Therefore
Ker(y) = {k** € Z)dmZ : € =1},

so D ~ Z/mZ. Therefore

Aut(X) =Z/mZ x 7/ (n + 2)Z.
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Chapter 2

HODGE STRUCTURES

In this chapter, we will study the concept of Hodge structures, both in their abstract form
and as they arise from the cohomology groups of a complex algebraic variety X.

To this end, we will first review the notions of complex manifolds, tangent and cotangent
spaces, and differential forms, in order to introduce de Rham and Dolbeault cohomology.
We will then proceed with the definition of a Hermitian metric on a complex manifold, the
Hodge star operator, and the notions of harmonic forms on Kahler manifolds.

We will also present foundational results, including the Universal Coefficient Theorem
for homology—a fundamental tool in algebraic topology—and de Rham’s theorem, which
connects differential forms with singular cohomology and thus links differential geometry
with algebraic topology. Subsequently, we introduce the notions of Hodge structures and
polarized Hodge structures, and conclude by showing that the automorphism group of a

polarized Hodge structure is finite.

2.1 Differential forms on complex manifolds

Fix a complex manifold X of dimension n, then there exists an open cover of X, {U,}icr
(i.e, X = U;erU;, where U; C X are open) and homeomorphisms ¢; : U; — V;, where V; are
open sets of C", such that whenever U; NU; # 0, ¢; 0 07 : (U NU;) = ;(U; NU;) is a
biholomorphism. Then {(U;, ¢;)}ier is an holomorphic atlas of X.
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(o
i v
—1
Pj © ¥
biholomorphism
(21,22, ..., 2n) local coordinates via ;.

So, X has a structure of a differentiable manifold of dimension 2n, this follow from the
diffeomorphism C™ ~ R?", the biyection (z1, ..., 2n) — (Z1,Y1, ..., Tn, Yn), Where z; = z; +
15
For p € X, exists U C X an open neighborhood of p, and a homeomorphism ¢ : U — W,
where W is an open subset of R?". We have the identification via ¢

- 0 0]

Ry _ 7R n _
TEX =T, C" = @(R%j ORy ).

Jj=1

where T0* X corresponds to the space of R-linear derivations of C;°(X), and Co°(X) denotes

the algebra of germs of smooth real-valued functions at p.
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The complexified tangent space is

n
0 0
TEX =Ty X ®r C = PH(C-— aC-—).
P P ® @( Oz y; )
Jj=1
In this setting, derivatives are extended not only in terms of their range but also in terms of
their domain, so that they now apply to functions taking values in C, i.e., exists a morphism
Oc: TEX — TZ‘EX, Dr — D¢, where

De(f +1ig) := Dr(f) +iDg(g), for all Dg € Ty X, f,g € C°(X).

So, we have T;,CX =Im(()c) ®r C.

This induces the canonical decomposition
TEX =TX @ T X = T c2 T c-2
p T p S1p _(69 7)@(69 7,)’

o .10 _,0Ny 8 .18 ;0
where 5= 3(55; —5y;)s 2= = 2(aa; +iay;)-

And we have
T)°X ~T,X, T X ~T, X,

where T, X is the holomorphic tangent space in X at p, this is the space of C-linear
derivations of the local ring of germs of holomorphic functions at p, Ox,. So we have
that TZ}’OX consist of derivations that vanish on antiholomorphic functions, and TZ?JX
consist of derivations that vanish on holomorphic functions. Here, we have the morphism
Olox., : TEX — T, X, wich sends a derivation D € TS X to the derivation D|oy , € TpX.

This is a surjective morphism, with kernel TI971X.

Using the holomorphic charts of X, we can equip

Cy . C T
T°X = | |T5x 5 X
peX

of a structure of a holomorphic complex vector bundle of range 2n
{n " (Ui)}ier CTCX,
where {U,;};cr C X are the opens of the holomorphic atlas of X, and we have

N U) = | | TEX
peU;
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_ 1 (U;n Uy) _
%‘/ \%
QOZ‘(Uiﬁ U]) x C2n _— %(Uiﬂ U]) x C2"
N -1
Pj © Pi
biholomorphism

and [3; 0 @7 ](z,.) : C*" — C?" is an C-lineal isomorphism, for all z € ¢;(U; N U;).

The complexified tangent bundle T7¢X decomposes has the direct sum of the holomorphic

and antiholomorphic tangent bundles:
TCX =TY9X @ 791 X,
were both are complex vector bundles of range n.
Here we have T1°X = || _ T}°X and T'X = || 79X, and T'°X ~ TX =

peEX *p peEX TP
LlpeXTpX'

We may now consider the complexified cotangent bundle (TCX)* given by

(T°X)" = | | (17X)7,
peX

here the superscript * denotes the dual vector space. In the same way, we have a decomposition

of the complexified cotangent bundle
(T(CX)* — (Tl’OX)* @ (To’lX)*7

when (THOX)* = |_|p€X(Tpl’0X)*, and (TO1X)* = UPGX(TS’lX)*, S0)
(TEX)* = (T0X)" @ (191 X)" = (P Cdz) & (P Cdz;),
j=1 j=1

when

dz-(a)—dz-(a>— b=k
"\ oz T\ 0z 0, ifj#k.
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and dz; (%) =dz; (a%k) = 0. These element satisfy
de = dxj + idyj, d@ = dl’j + Zdyj

With all the above, we now give the following definition

Definition 2.1.1. We define the sheaf of complex C> 1-forms on X denoted Q% ., as the
sheaf of C* sections of the complexified cotangent bundle (TCX)* 5 X, i.e.

Qo (U) ={5:U &, (TCX)* : mos=1idy},YU C X open.
The decomposition (TCX)* = (T*°X)* @ (T X)* induces the decomposition
Ok =00 @ QY

where
QiéO = { sections C*™ of (T*°X)* — X},

Qg(’l = { sections C*° of (T"'X)* — X}.

Locally in coordinate charts, a form w € Q&O(U N U;) can be written as
(pi)sw = Zajdzj,
j=1
where a; € C®(o(U N U;),C), and a form € Q%' (U N U;) can be written as
n
(i)en =Y _b;dz;,
j=1
where b; € C*(p(UNT;),C).

We say that w € Q;O is holomorphic if it is a holomorphic section of (T'X)* ~ (T1X)*,

then, we define
QY = { sheaf of the holomorphic sections of (TX)* ~ (T*0X)*},

Locally in coordinate charts, a form w € Q% (U) can be written as

((pl)*w = Z (ldej,

j=1

where a; € C*(p(U NVU;),C) is a holomorphic function.
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In general we consider
NTEX) = P A(THOX)" @ AT X)",
p+q=Fk
k.. = {C™ sections of A* (T®X)*},
QR = {C™ sections of AP (T"°X)* @ AT X)*}.
Then we have

e = P R

pt+q=k

and locally in coordinate charts, a form w € Q%?(U) can be written as

(pi)sw = Z ar,gdzr Ndz7,

I={i1<...<ip},
J={j1<...<jq}

where a7 € C*(p(UNU;),C) and dzy = dz;, A ... Ndz;,, dZ7 = dZj; A ... \NdZj,.

N(TYOX)* @ AT X) = @ Cdzr Adz,
i1 <. <dp
j1<~<~<jq

and AF(TX)* ~ A(TH°X)*. The holomorphic k-forms are
Q% = { holomorphic sections of A* (TX)*},
and locally in coordinate charts, a form w € Q% (U) can be written as

(Pi)sw =Y apdzy,

11 <...<tg

where ay € C*(o(U NU;),C) is holomorphic.

Then the exterior derivate defines a morphism of sheaves

d: 0k — kil
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defined on sections w € Q% (U), locally in coordinates by

(i)« (dw) : = d((ps)w
a],JdZ]/\dﬁ
|I\+|J| k
da]J/\dZ]/\dZJ € Q])C(tg(UﬁU)
I»
[I|+|J|=k

where df := 30_ (5L dz; + §Ldz) = Y-, (§Lda; + FLdy;) € Qe (U), f € C=(U).

j=1

The exterior derivate satisfies d o d = 0, since in local coordinates we have

ddw)y=d| > daysAdzNdzy

I.J
[I]+|JT|=k

"~ day,; dar, g
=d| > > 7. dzj + azijdz*j)/\dzwdz
17 =1

+|J1=Fk

Oa Oa
= Y 4 Z aijdz]/\dz[/\dﬁ +d Z aLJdZ/\dZI/\dZJ

1,0 j=1 J j=1 &
[I]+]J|=k
- Oar, da
= Z d dz; Ndzr NdZ7 +d LJ dz; Ndzr Ndzg
az] 07
I,J  j=1
[I]+]J|=k
= Z Z( L Az Adzj Adzp A dzT + MAdszdzlAer
1,0  j=1k=1
[I]+]J|=k
0%a; &%a;
T dzy A dZ A dzp A dZF + ——Ldzi Adz A dzp A dZT
o7 6Zk k j I J o 6Zk k j I J)
B azaIJ _ azajy‘] 32a1,J _ azaI,J ar,s _ 82CLI,J —
and since D505 = 0505 95,05 — 0505, 05,05 = 0mdsy and da A df = —dfp A da, we
have

[dod(w) =0.
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Then we have a sheaf complex (the C* De Rham complex of sheaves)

d d d d d
C¥ = oo = Qe = Q%ee = .. S 0¥L 50,

and for any open subset U C X, we have an induced De Rham complex (2% (U),d), in
particular for U = X, we have (Q% (X), d).
The cohomology groups of this complex are the so-called De Rham cohomology groups

d
HER(X) = Hbg(X,C) 1= K”(inj“ 20 > Q5 ()
Im(Qxe (X) = Q% (X))

We have that H%,(X,C) = HX,(X,R) @g C.

If we restrict the exterior differential to

d=0+0 +1 +1
P,q pr—1.,9 Pp,q
Qg ——= QY o Q¢

we have for w € QR4

dw=d(> ayjdzhdzz) =Y > ‘g; dzindz AdZT+Y Y ‘gzj dZiNdz1 NdZT = Ow—+0w,
i=1 v i=1 v

e, d=0+3,9: 0% — Q% and 9: QR — QR
How dod=0=0=(0+09)0(0+0)=000+000+00d+ 000, and if w € QR =
(D0 d)(w) € MBI (D0d+dod)(w) € QI (B0 d)(w) € QRIT?] therefore

000=0,0004+000=0,000=0.
The above relations give us the Dolbeault complex of sheaves
0 9 10 2 0 E) n 0
O = O = O = = 0" =0,

where ker(8 : Q8% — Q%) = 0% .

The Dolbeault complex is (2%°, ), and it gives rise to the Dolbeault cohomology groups

| Ker(Q%4(X) 2 07t (X))
_ Fl :
Im(Q%11(X) 2 QR9(X))

p,q .
H2(X)
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2.2 Harmonic forms on compact Hermitian manifolds

Definition 2.2.1. Let 7 : E — X be a complex vector bundle. A Hermitian metric on E
is a global C* section of (E ® E)* (i.e., a sesquilinear form on each fiber) such that

hy: E, x E, — C,

hp(u,v) = hp(v,u),
hp(u,u) > 0,Vu # 0.

Definition 2.2.2. A Hermitian manifold is a complex manifold X together with a Hermitian

metric on the holomorphic tangent bundle TX — X.
In local holomorphic coordinates (z1, ..., 2, ), the Hermitian metric h can be expressed as

Z hi,jdzi ® dyj,

1<i,j<n

where the matrix (h;;) is hermitian and positive definite, and the coefficients h;; are C™
since h is a global C* section of the bundle (T'X ® TX)*. To the metric h we associate the
form w € Q;,o (X) given by

w:=—Im(h) = (h h) Z hij(dz; @ dzj — dzj @ dz;) = Z hijdz; A dZj,

i, i,
this, in turn, induces a canonical volume form

n VANV
= = 20D g (X)),

n! n!

which in local coordinates is

o= (;) det((hi;))dzy AdZTA ... A dzndZ.

With all this, we have the following definition:

Definition 2.2.3. Let X be a compact Hermitian manifold. We define the L? inner product
on Q% . (X) by

(1) 12 = /X ((x), v(2))® (),

where 1, v are global sections of ANF(TCX)*.

To induce the metric (.,.) on A¥(TCX)*, we proceed as follows: Let us choose an orthonormal
frame C*°, @1, ...,y of TX — X with respect to the metric h. Then, let ¢4, ..., ¢, be the
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dual frame, that is,
¢i(z)(p;(x)) = dij.
Next, we impose that

{is N Ny NDj A NG}

is an orthonormal frame of AP(T1OX)* @ AY(T%1X)* — X. Then, {¢1, ..., n, P1,s ..., P} is
a frame for T®X* — X. That is, we impose that

(9i(2), ¢5(x)) = bij.

Since w = —% Zthdzﬁ/\ dzj = %Zhjidzj A dzZ; = w, we have

* (¥,Y)2 =0=1=0.

Definition 2.2.4. The Hodge star operator associated to the Hermitian metric h is the

unique C-linear isomorphism
x: QRI(X) = QY P"TI(X)
such that Vi, v € QR1(X):

(¥ (), v(2))®(x) = ¢(2) A*v(z).

Proposition 2.2.5. The Hodge star operator satisfies x x v = (—1)P¥9y,

For the proof, see Voisin (2002) [Voi02b]

Definition 2.2.6. We define 0 Q%Y(X) — Q% 1(X) given by 0 = —x0x.
Proposition 2.2.7. (9, v) 2 = (1,0 V)12, Vi) € Q27 N(X), v e QRY(X).

Proof. We have
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/.
/X v
= [ 3wta) Aswta) + (17 [ 0@ AT o)
/)(d(w(x)/\*u(x))—i-(—l)p'“}/ $(x) A D * v(a)
= [ v@ o)+ 00 [ o) 295 vta)

/w ) A (o Pﬂ/w (@)

= P+q/¢ YA D v(z)

7/ P(x) A** 0 *v(x)

/1/1 /\*81/)

/Xw( ), 3" () ()
= (1,0 V)2, Vb € QRITH(X), v € QRI(X).

O

Proposition 2.2.8. Let ¢ € QRY(X), such that 9y = 0, then ¢ has the minimal norm
within its cohomology class [] = 1 + IR (X) € HZ(X) if and only if 9"y =0.

Proof. (=) Yv € Q97 (X), we have

9 _
= 2l + 6] Bl

= (s + 100,80+ 1) 2+ 2113 e=o
= (¢, 9v) 2 + (v, ) 12 + 2t][OV|[72)|1=0

(¥, 0v) 2 + (Ov, ) 2
= (¥, 0v) 2 + (,0) 2
= 2Re((¢, V) 2),

therefore Re((¢,0v)rz2) = 0, and similarly consider 2 || + it0v||2|;=0 = 0, we also have
Im((4,dv)2) = 0. Therefore (1, 0v) 2 = (Ov,1) .2 = 0, then we have (1, 1b).2 = 0, for
all v € Q771 (X), hence, letting v = 91 , it follows that ||3*1/1||%2 =0, and then @ ¢ = 0.
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(<) Suppose that 8 ¢ = 0. Let v € Q%9 (X) with dv # 0, then we have

1%+ 0vliz = |[¢lIZ2 + [10v][72 + 2Re((v, Ov)L2)
=[[Y[172 + lov][72 + 2Re((Dv, ) 12)
= |[¢ll7> + [[3v][72 +2Re((v, 0"
= 1¥llZ> + 19vl[E: + 2Re((v,0) 12
= [1¥llZ- + [[9v]Z:

> {193

)z?)
)

O

Definition 2.2.9. We define the Dolbeault Laplacian, denoted by A, as the elliptic differential
operator given by
Ag = 00"+ 070 : QRY(X) — QRI(X).
Proposition 2.2.10.
Az =04 0y =0 and 9" = 0.
Proof.

Agp =0 = 0= (Ag,1)Le

= (00* + 0 O, ) 2

= (00, ¥) 2 + (0% 0, ) 1>

= (0", 0" ) 12 + (0, ) 12

= 0" vlZ> + 9wl
& [[0"¢l3. =0 and [9y[|7. =0
& 9"p=0 and O =0
= Az9 = 0.

A form ¢ € QR?(X) satisfying Agtp = 0 is called a harmonic (p, ¢)—form.

Definition 2.2.11. We denote by HZ(X) the subset of Q%! (X) consisting of harmonic
(p, q)—forms.

Proposition 2.2.12. The morphism

HPUX) — HEIX)

(4 = Y
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s injective.

Proof. Let be v,y € H5*(X) such that [¢1] = [¢2]. Since ¢1,¢2 € HZ!(X), we have
Az = Agihy = 0, and then 0y = 0%y = Oy = 9*1py = 0. And since [1)1] = [¢)2], exists
v € Q%971 (X) such that ¢, = 1y + v

Suppose, for the sake of contradiction, that ¢ and v, are distinct, and then we have Ov # 0.
Then by the previous proposition we have |[th1|[z2 = ||1a + Ov||p2 > |[t2||L2, but also we
have 0%y = 0, and d¢; = 0, and then also by the previous proposition we have that 1,
has the minimal norm within its cohomology class [1)1] = [2], therefore ||1)1]||r2 < ||th2]| L2
which is a contradiction. Therefore v = 0 and then 1; = 1. O

Theorem 2.2.13 (Hodge Harmonic Forms). Let X be a compact Hermitian manifold. Then

for every pair of integers p,q, there is a natural isomorphism:
’Hg’q(X) ~ Hg’q(X).
Remark 2.2.14. One can define the operator d* = — x dx = 0* + 0*, which is the formal

adjoint of
d: e (X) — QLX)

with respect to the L2 —inner product (.,.) .
We can then define the Hodge Laplacian

Ag =dd* +d*d,
and we obtain an analogous theorem at the level of k—forms:
Hi(X) = Hip(X),

where 7—[(’} (X)) denotes the space of harmonic k—forms with respect to A4.

The proof relies on elliptic PDE theory. In fact, since X is compact, we have
dimH% < oo and dimHE? < oo.
See [Voi02a, Chapter 6] for a complete proof.

We have the following corollary.

Corollary 2.2.15 (Poincaré Duality). Let X be a compact Hermitian manifold of complex

dimension n, and consider de Rham cohomology with complex coefficients. Then, for each
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k, the space of harmonic k-forms H’j(X) admits a non-degenerate Hermitian pairing

(a, B) :/XaA*B,

which induces an isomorphism

*

Ha(X) = (H"M(X))
Via the Hodge isomorphism H%(X) = H5,(X;C), this yields the complex Poincaré duality:

Hjjp(X;C) = (HIZ"(X;C))

Proof. Tt suffices to show that the wedge product pairing is non-degenerate on the space of

harmonic forms. Indeed, suppose w € HE(X) satisfies
/ wAp=0 forall yuecHIFX).
X
Then, in particular, taking p = *w, we have:

0= / WA xw = (w,w) 2 = ||W||%2
X

Therefore w = 0. O

2.3 Hodge Decomposition

Corollary 2.3.1 (Kodaira—Serre Duality). Let X be a compact Hermitian manifold of
complezx dimension n. Then, for each p,q, the wedge product followed by integration induces

a non-degenerate bilinear pairing:

Ix

HEU(X) x Hp P TI(X) S HPM(X) =2 C.

17}

In particular, there is a canonical isomorphism:
HEO(X) = (ML P 0(X)"
Via the Hodge theorem, this induces the corresponding duality on Dolbeault cohomology:

*

HE(X) = (Hy ""(X))
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Definition 2.3.2. Let X be a complex manifold equipped with a Hermitian metric h. We
say that X is a Kdhler manifold if the associated (1,1)—form w = —Im(h) is closed, i.e.,

dw = 0.
Theorem 2.3.3. If X is a Kdhler manifold then we have
Ag=2A5: QI))(’ZQ — Q];(’Zo

Therefore Hy" = HE. And how H}j = @ HE?, we have

p+q=k

Hi(X)= @ HEUX).

p+q=Fk

For a detailed proof of the theorem, see [Voi02b].
In the following theorem we state the Universal Coefficient Theorem for Homology.
See [Hat02, Chapter 3] for the following theorem.

Theorem 2.3.4 (Universal Coefficient Theorem for Homology). Let X be a topological

space. Then for any abelian group G, there exists a natural short exact sequence:
0= Hp(X;7Z) @72 G — Hy(X;G) — Tor’(Hy_1(X;Z),G) — 0.

In particular, if G = C, which is a flat Z—module, the Tor term vanishes and we have a
natural isomorphism:
Hk(X,Z) ®7 C ~ Hk(X,(C)

The following classical result relates de Rham cohomology with singular cohomology and

homology via duality:

Theorem 2.3.5 (de Rham Theorem and Duality). Let X be a smooth manifold. Then, for

each integer k, there are natural isomorphisms:
H*(X;C) = HYp(X) and HM(X;C) = Hy(X;C)*.

Hence,
HEp(X) = Hy(X;C)".
See [BT82, Chapter 4] for a complete discussion.

Definition 2.3.6 (Hodge Structure). A Hodge structure of weight n consists of a free Z-

module H of finite rank (i.e., H = 7" ) together with a decomposition of its complezification

He =H®, C2C"
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into a direct sum of complex subspaces:

He= P HP,

pt+g=n

such that the decomposition satisfies the symmetry condition

Hpra = HIP,
This is equivalent to giving a decreasing filtration, called the Hodge filtration,
{0} = F"*'H¢ C F"He C -+ C F'He C F'He = H,
by complex subspaces, satisfying the condition
He = FPHe @ Fit1He, for all p+ g = n.
In this case, the original Hodge decomposition is recovered via
HPY = FPHe N FiHc.
Conversely, given such a Hodge decomposition, the filtration is reconstructed as

FPHe =@ H™ .

r>p

Definition 2.3.7 (Lefschetz Operator). Let X be a compact Kdahler manifold of complex
dimension n, with associated (1,1)-form w corresponding to the Kdahler metric. We define
the Lefschetz operator L : H*(X,C) — H*T2(X,C) by

L(a)=aAw=wAa,Va e H*(X,C).

Theorem 2.3.8 (Hard Lefschetz Theorem). Let X be a compact Kihler manifold of complex

dimension n. Then for every integer k > 0, the map
L* . H"*(X,C) - H""*(X,C)
is an tsomorphism.
Definition 2.3.9. We define the the primitive cohomology group H" *(X,C)prim as

H" (X, C)prim = Ker(LF™ . H"%(X,C) — H"™ (X, C)).

DEPARTAMENTO DE MATEMATICA



2.3. HODGE DECOMPOSITION 65

Theorem 2.3.10 (Gysin Exact Sequence and Primitive Cohomology). Let X C P**1 be
a smooth complex hypersurface of degree d and dimension n, and let U = P11\ X be the
open complement of X in P*+1. Consider the inclusions i : X — P*"*! and j : U — PrHL,

Then, we have the following exact sequence of cohomology groups:
o H(X,C) 2 go+2(pr+t ©) 2 2 (U,C) — -
The map i, corresponds to cupping with the Kdihler class w € H?(P"1 C), i.e.,
(o) =wAa for aec H'(X,C).
Thus, the primitive cohomology is the kernel of this map:
H™(X,C)prim = ker (wA (-): H*(X,C) — H"P(P"11,C)).

For a detailed treatment of this result see Hartshorne’s Algebraic Geometry [Har77).

Corollary 2.3.11. Let X C P"™! be a smooth complex hypersurface of degree d. Then the

primitive cohomology in middle degree is given by:

e Ifn is odd, then
H"(X,C)prim = H"(X, C).

e Ifn is even, then
1
H™ (X, C) primm = (<c : w"/Q) c H"(X,C),

where w € H*(X,C) is the Kdihler class induced from the ambient projective space,

and the orthogonal is taken with respect to the Hodge—Riemann bilinear form.

In particular, the primitive cohomology has codimension

. 0, ifn is odd,
codim (Hn(X, C)prim - Hn(Xv C)) =

1, ifn is even.

Proof. Consider the Gysin long exact sequence associated to the inclusion i: X — P!

and its complement j: U := P!\ X < P"*1. In the relevant degrees, we have:
o HMX,C) L g2t C) L H R (U,C) -
The map i, corresponds to cupping with the Kihler class w € H?(P"+1, C), i.e.,

ix(a) =w A a.
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Thus, the primitive cohomology is the kernel of this map:
H"™(X,C)prim = ker (w A (-): H"(X,C) — H"P?(P",C)).

Now, observe that:

e If n is odd, then n + 2 is odd, so H"*2(P"*! C) = 0, since cohomology of projective
space is concentrated in even degrees. Hence the map is identically zero, and the

kernel is the whole space:

H"(X,C)prim = H"(X, C).

o If n is even, then H"*2(P"*1 C) = C, and the image of the map is generated by
w(*t2)/2 " Hence, the kernel is the orthogonal complement of the one-dimensional

n/2

subspace generated by w"/“, and has codimension 1.

O

Theorem 2.3.12 (Griffiths). Let X = {F = 0} C P**! a smooth hypersurface of degree d,

then we have

RE ey -ns = FPH(X,©) i /PP H (X, C) iy = HP(X) i,

where Cl ]
F _ Loy -y Tn41
L

is the Jacobian ring of F and J¥ = (g—;, s 8;?i1> is the Jacobian ideal of F.

For a detailed treatment of Griffiths
base theorem and the relationship with primitive cohomology, see [Cle00] and [Gri70].

Explicitly, to any P € Rtli;‘(qul)fan we associate the form

B PO FPH™(X, C)prim
wp :=res Fa+l Fp+1H”(X, C)pm‘m,

where
n+1

Q= -1 i(Eid{I?()/\.../\d(AEi/\.../\d(En 1
+
=0

is the standard top-degree form on P"*1!.

A basis of HP9(X)ppim is given by
zPQ
wg=res |z |
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where degz”® = Bo + 1 + .. + Bny1 = d(qg + 1) —n — 2, with 8 = (Bo, ..., Bur1), and

Br+1
n+1 °
F

The monomials z° form a basis of the graded component R d(q+1)—n—2"

B — gPo. .
o =xy".. -

In the case of the Klein hypersurface, one has:

Clzo, -, Tnt1]
3% + a:i:_ll, xS 4 (d — 1)1:%121330}

F —
Rd(qul)fan - <(d - 1)

2.4 Polarized Hodge structures

Definition 2.4.1 (Polarized Hodge Structure). A polarized Hodge structure is a Hodge
structure H with a bilinear form @ : H x H — Z, called the polarization,
such that the C-linear extension Q) : Hc X Hc — C satisfies the following **Hodge—Riemann

bilinear relations™*:

1. Orthogonality:

QHPY H" 9)=0 wunlessp’ =n—p and ¢ =n —q.

2. Symmetry (or skew-symmetry): Q is (—1)"-symmetric, i.e.,

Qz,y) = (~1)"Q(y,z) for all x,y € H.

3. Positivity (Riemann—Hodge bilinear relations): For every nonzero v € HPY,
we have
P71Q(v,v) > 0.

We can define the hermitian form H : H¢ x Hg — C given by

indeed, since @ is the C-bilinear extension of a bilinear form with values in Z, we have
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Qp, ) = Q(@,lﬁ). It follows that

H(p, ) =i"Q(¢p, )

=H(Y, ), (24.1)
(if n is even, we have (—1)” = 1 and i" € R and then (—1)"(i") = (7)) = ", if n is odd,
we have (—1)" = —1 and i € C\ R and then (—1)"i" = —i" = —(—i") = ")

Proposition 2.4.2. The Hermitian form H, previously defined, satisfies the following

properties:

1. Orthogonality of Hodge components:
H(Hp,q’Hp',q’) =0 ifp£yp.
2. Signature on each HP1:

>0 if q is even,

H(p, ) for all p € HP9\ {0}.
<0 ifqis odd,

Proof. 1. Let be ¢ € HP? and ¢ € HP4 with p # p', then we have o) € HP' 4" = Hq'w'7
and p’ # p =n — q. Then, using the orthogonality property of @), we obtain

H(p,9) =i"Q(p,4) = 0.
2. Let ¢ € HP?\ {0}, then we have

H(p, ) =i"Q(p, ¢)
= PITPQ(p, )
= P7IQ(p, p)i*
= (=D)%"71Q(p, @), (2.4.2)

and since iPP~1Q(p, @) > 0, if ¢ is even, we have H(p, ¢) > 0, and if ¢ is odd we have
H(p,p) <0.
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O

Theorem 2.4.3 (The Hodge-Riemann Bilinear Relations with the Hodge Index Theorem ).
Let X be a compact Kdhler manifold of complex dimension n. Then for every integer k > 0,
we have a polarized Hodge structure (H,Q), where H := H*(X,Z)im and the polarization
Q is given by Q(a, B) = Tr(aUBUW™ F) = [LaABAw™F.

For a detailed discussion of the Hodge-Riemann bilinear relations and the Hodge index
theorem, see Griffiths and Harris’ Principles of Algebraic Geometry [GHT78|, Hartshorne’s
Algebraic Geometry [Har77], and Demailly’s Complex Geometry and Lie Groups [Dem12].

Definition 2.4.4. A morphism of Hodge structures is a group homomorphism f: H — H'
such that the complexified map fc: Hc — H(. satisfies

fc(HP9) C H™Y  for all p,q.

If (H,Q) and (H',Q’) are polarized Hodge structures, then f is a morphism of polarized
Hodge structures if, in addition, it satisfies:

Q' (fe(@), fe(B)) = Q(a, B)  for all o, B € He.

Example 2.4.5. Let X,Y be kahler compact manifolds and f: X — Y be an holomorphic
function, then we have
(V) = QL (X),

further more

FPMHEY) = HE(X),

Since the composition of a harmonic function with a holomorphic function is harmonic.
Then we have
[P HPUY) — HEU(X),

frHMY,Z) - H*(X,Z)
is a morphism of Hodge structures.

Remark 2.4.6. Every morphism f : X — Y between smooth projective varieties induces
morphisms
i HRY Y, C)prim — HH (X, C)prim

of polarized Hodge structures.

Definition 2.4.7. Given a polarized Hodge structure (H,Q), we define Aut(H, Q) to be the
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set of all automorphisms of polarized Hodge structures
¢:(H,Q) — (H,Q).

Proposition 2.4.8. If (H,Q) is a polarized Hodge structure, then we have that Aut(H, Q)

is finite.

Proof. Let (H,Q) be a polarized Hodge structure. Then Aut(H, Q) is a subgroup of the
group of automorphisms of H as a Hodge structure, and the latter is in turn a subgroup of

the group of automorphisms of H as an abstract abelian group, that is, H ~ Z". Therefore,
Aut(H,Q) < GL(Z").

Let 0 € Aut(H,Q). Then we have oc(HP?) = HPY, since ¢ is an automorphism of
Hodge structures. Moreover, Q(oc(u),oc(v)) = Q(u,v), for all u,v € Hc, because o is
an automorphism of polarized Hodge structures.

Let h?'? := dim¢ HP>? be the complex dimension of HP4.

Let o, : HP? — HP7 be such that o, = oc|gr.a.

Then we have
oc = @ Op-

p<n

Therefore, we have

Aut(H,Q) = H {op@0q : HPIGHY? — HPI@HY?, 0,(a) = 04(@), 0p, 04 are isometries},

p<%

here we say that o, and o, are isometries because, for each p < n, we have

Qop(u), op(v)) = Q(u,v), Yu,v € He,

and in particular,

Qlop(u),0p(v)) = Qloc(u),oc(v)) = Q(oc(u), oc(v)) = Q(u, V).
Let us note that if « € HP9, then
oc(a+ @) = op(a) + oq(a) = op(a) + 04(a).

Thus, if o+ & € (HP9 & H?P) N Hg, then oc(a + &) € Hg, which implies that there exists
a real-linear map
oz 1 (HPT @ HOP) O Hy — (HP9 & HP) O Hy
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such that

oc = or ®r C.

Moreover, since H?4 & H4P = HP9 @ H9P we have
HP4 @ H9? = ((HP @ H?) N Hg) @ C.
Therefore

Aut(H,Q) < H {or : (HP@®HYP)NHg — (H”'®&H?P)NHg,oR is an isometry} = H O(2nP?),

PSE p<%

where the last product is a real compact group.
Since Aut(H, Q) < GL(Z"), we have

Aut(H,Q) < [ oerrt) nGLzr) < J] o@hm)

p<%H p<%

and Hpﬁ% O(2h?%) N GL(Z") is a discrete subset of the compact group Hpﬁ% O(2hP7),
therefore Hpgg O(2hP7) N GL(Z") is finite and then Aut(H, Q) is finite.
O
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Chapter 3

TORELLI PRINCIPLE

In this chapter, we will first provide, in the opening section, a motivation for the punctual
Torelli principle by discussing the moduli space H;; and recalling the classical Torelli theorem.
We will then state the strong Torelli principle, and finally conclude with the statement of
the punctual Torelli principle. In the second section of this chapter, we will restrict our
study to the Klein hypersurface. We begin by examining the polarized Hodge structure
on H"(X,Z)prim, and we present a theorem giving a decomposition of H” (X, C)prim, into
eigenspaces for the pullback action of the automorphism o. Using this decomposition, we
construct a homomorphism from the normalizer of o* in Aut(H"(X, Z)prim, (-,-))/{£1} to
a subgroup of (Z/mZ)*, which we denote by A. Finally, we show that if C'(c*) = (c*),
N({(c*)) = Awt(H™(X,Z)prim, (., -))/{£1} and p ~ (7*), then

Aut(X) = Aut(H™ (X, Z)prim, (- ))/{£1}.

Finally, in the last section we present the groups A computed for several values of (n,d).
In all these cases we find that |A| = n + 2, and hence

A~Z/(n+2)Z = (T).

This provides evidence in favor of the punctual Torelli principle for Klein hypersurfaces.
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3.1 Torelli Principle

Let H" be the moduli space of smooth degree d hypersurface in P"*!. Classically, this

moduli space is constructed as the GIT quotient

i = %/ /PGLy2(C)

of the open subset %, corresponding to the complement of the discriminant divisor

A CPHO(P"*, Opn+1(d)), by the natural action of the reductive group PGLy,12(C).

It follows from the classical results of [MM63, Cha78](Theorem 1.1.2) that, whenever
n>1,d >3, and (n,d) ¢ {(1,3),(2,4)}, the automorphism group of any hypersurface in H}
is a finite subgroup of PGL,,42(C). For a general hypersurface X € H[, the automorphism
group is trivial; consequently, such points are smooth in H);. Conversely, any finite group
G determines a (possibly empty) sublocus H[; (G), consisting of those smooth hypersurfaces
X C P! for which G C Aut(X). In the case G C PGL,2(C) is not generated by
pseudo-reflections we have H%(G) C Sing(#H[), and thus in order to study the components
of Sing(#}}) it is natural to analyze which finite groups G are admissible (i.e., for which
H(G) # 0). Since the correspondence G — H[}(G) is inclusion reversing, one may expect
that the minimal admissible groups give information about the irreducible components of
the singular locus of the moduli space HJj. In the hierarchy of finite groups the simplest
ones are cyclic groups G ~ Z/mZ and their admissibility in ]} was studied in [GALI1,
VGA13,Zhe22]. Moreover, in [VGA13]|(Theorem 1.3.10) it was shown that if n > 2 and
d > 3 with (n,d) # (2,4), and if ®,,12(1 — d) is prime, then the Klein hypersurface is the
unique smooth projective hypersurface in H); admitting an automorphism of prime order
p>(d—-1)"

X = {:cg_lzzzl + x‘f_lxg + o+ x‘f;lxm_l + ;Z:Zflxo =0} C Pt
(i.e. HY(Z/pZ) = {X} is O-dimensional) and in that case
p= q)n+2(1 - d)

In order to understand which irreducible components of Sing(#[}) contain the Klein hypersurface
one would like to know which other groups act faithfully on it, which leads us to analyze its
full automorphism group.

The study of automorphisms of Klein hypersurfaces is a classical subject and begins with
the paper by Felix Klein [Kle79b] studying the automorphism group of the quartic Klein
curve X C P2, where d = 4 and n = 1, and proving that Aut(X) ~ PSLy(F7) in that case.
The case of Klein cubic curve X C P? is also classical.
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In [GALMVL24], the authors proved the following theorem, which provides evidence in favor
of the so-called Strong Torelli Principle for hypersurfaces.

Theorem 3.1.1. The middle primitive cohomology group of the Klein hypersurface of
Wagstaff type X of dimension n > 3 and degree d > 3 is an extremal polarized Hodge
structure. Moreover,

Aut(H" (X, Z) prim)/{£1} ~ Aut(X)

in the following cases:
(a)d|n+3,
(b) d=3 andn > 5.

Recall that the classical Torelli Theorem [And58, ACGHS85] states that for any pair of
curves X and X' of genus g, every isomorphism between their poralized Jacobian varieties
J(X) ~ J(X’) is induced, possible up to an involution, by a unique isomorphism of curves
X ~ X'. Since the Jacobian of a curve X is determined by its Hodge structure J(X) =
(HY°(X))*/H1(X,Z), an isomorphism between polarized Jacobian varieties J(X) ~ J(X’)
is represented by an isomorphism between the corresponding polarized Hodge structures.

The Torelli Theorem motivated the following conjecture commonly called the Strong Torelli

Principle:

Conjecture 3.1.2 (Strong Torelli Principle). Let X and X’ be two smooth hypersurfaces of
degree d and dimension n on P"t1. Then every isomorphism of polarized Hodge structures
¢ H"(X,Z)prim, — H™(X',Z)prim preserving polarizations is induced, possible up to an

mvolution, by a unique isomorphism ¢ : X — X'.

The weaker statement where we only ask for the existence of the isomorphisms ¢ and

without requering the former being induced y the latter is called the Global Torelli Principle.

If we take X = X’ in the Strong Torelli Principle, we obtain what we call the Punctual
Torelli Principle

Conjecture 3.1.3 (Punctual Torelli Principle). Let X be a smooth hypersurface of degree
d and and dimension n on P*"+1. Then every automorphism of polarized Hodge structures
H"(X,Z)prim preserving polarizations is induced, possible up to an involution, by unique

automorphism of X.

Thus, the Strong Torelli Principle tells us that if X = {F = 0},Y = {G = 0} C P"*! are

smooth hypersurfaces of degree d and dimension n, then, up to sign, every morphism

2 Hn(Y7 Z)prim — Hn(Xa Z)prim

UNIVERSIDAD TECNICA FEDERICO SANTA MARIA



76 CHAPTER 3. TORELLI PRINCIPLE

of polarized Hodge structures arises from a unique morphism of varieties
f: X—>Y

such that
==

In particular, if X =Y, the Punctual Torelli Principle tells us that

Aut(X) o~ Aut(H™ (X, Z) prim., (-, ) /{£1}.

3.2 Automorphisms of polarized Hodge structures

In the case where X = {20 ‘a1 + 2{ 2y + ..2% 2o = 0} is the Klein hypersurface of

degree d and dimension n, we previously (1.5.9) proved that
Aut(X) = (o) x (1) =Z/mZ x Z/(n + 2)Z,

where PR Lyt
I T

d

in the following cases:
en=2andd>5,
en=3andd >4,
e n>4andd>3.

Recall that in the case where X is the Klein hypersurface, we have:
Aut(X) = (o) x (1) =Z/mZ x Z/(n + 2)Z,

where o : X — X is given by

—d _agyntt
o([20 ¢ vt Tnt1]) = [Emamo : g v f,(id ) Tnt1),

and
_171,-&-2_ 1 n+2
IO Viae

d

and &,,q denotes a primitive md-th root of unity.

And in this case, since F' is the Klein form ( of degree d in n + 2 variables), a basis for

DEPARTAMENTO DE MATEMATICA



3.2. AUTOMORPHISMS OF POLARIZED HODGE STRUCTURES 77

Rg(qﬂ),H is given by the monomials P, where 8 = (Boy -y Bnt1) satisfies
n+1
0<Bi<d—2 foralli, and » Bi=d(g+1)—n-2.
i=0

The automorphism o induces an automorphism of polarized Hodge structures, o* : H"(X, Z)prim —
H"™(X,Z)prim, then, the complexified map o : H"(X, C)prim — H"(X, C)prim satisfies

O'((*Z(HP’Q(X)prim) C Hp’q(X)pm'mv
where
N 0*Po*)
o¢(wp) = res o Py

o*F = F, since 0 € Lin(X) and H™(X,C)prim = D,y y=p H?(X)prim, and for a fix ¢, a
basis for H?*?(X)prim is given by the forms wg := w,s, where 8 = (fo, ..., Bnt1) satisfies

n+1
0<B;<d—2 foralli, and Z@:d(q-i-l)—n—z
i=0
We have
od(x ) £Bo+ (1=d)Br4...+(1—d)" T i1 2P,
n+1
* i 1-d 1—d)t
o) = 3D el V)
i=0
— §1+(1 ).+ (1=d)" !
Therefore

P ( ) €Zn+1(ﬁm+1)(1 d)

+1 B+ (A—d)?
it g

wB,
we claim that Y74} M}l_d)i € Z. Since
n+1
> Bi=d(g+1)—n-2,
i=0

we have that Z”H(ﬂZ + 1) is a multiple of d. And for i € N, we have

(1—d)' =1+ M,
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where M; € Z (this follows directly from the binomial theorem). Therefore, we have

n+1 n+1

Yo B+ D —d) =Y (B + 1)(1+ Md)
=0 =0
n+1 n+1

=Y "B+ + D (B +1)Mid
=0 1=0

n+1

=d(g+1)+dY (B +1)M,
=0
n+1

=dl(g+1)+ Y (B + )M,

71+1 (B +1)(1 d)?

Therefore, Y070 GADU=d) ¢ 7 and then &= 7 € Q(&n).
Therefore wg € V(fﬂn), where j = ZZLJrOl w (mod m).

Proposition 3.2.1. Let n be an even number, and d > 3. Let 8 = (Bo, ..., Bns1), 5

(Bhs s By 1) be such that 0 < B;, B < d—2. If 20 H(Bi+1)(1—d)’ zZ"“(ﬂ'H)( d)’
(modmd), then B = p', or 8,5 € {(0,d—2,0,d-2,...,0,d—2),(d—2,0,d—2,0, ..., ,0)}.

Proof. Let n be an even number, and d > 3. If 3,8’ € {0,1,...,d — 2}""2 we have

Bi — Bl < (d—2),¥i =0,...,n+1,

therefore
DIEE: d)'| < ZI - 1)

< Z (d—2)(
— Z 1+1 _ 1)Z
=(d-1)""? -1
= (d— 1) (1)
= md.

If we have

1> (B = B)(L = d)'| = md,

i
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then
2B = B = d)' =md or 3 (B = F)(1 — d)} = —md.
If
> (B =B = d) =md,
then
n+1 )
S (Bi—B)(1—d)f =(d—-1)"? -1
i=0
Since
D (B =B =) <Y (B — B)(1 — d)]
=0 =0
<Y 1B = Bild—1)' <> (d—2)(d—1)
i=0 i=0
:i(d_l)i-‘rl_(d 1)2
1=0
— (d 1)n+1 o 17
we have
(Brir = Bpp) (1 —d)" ™ = (d—1)"? — 1= (8 = B))(1 - d)’
i=0
> (d=1)"2 — 1 ((d= )™ - 1)
_ (d _ 1)n+2 _ (d _ 1)n+1
= (d—2)(d—-1)"*",
therefore

5n+1 _B;L+1 § 2_d

therefore, we have 3,1 —8,,,1 = 2 —d, then, the only option is 8,41 =0 and 3, ; = d—2.

So, we have
n

Z(/Bz‘ —A)A-d) +2-d)(1-d)"T = (d-1)"* -1

=3 (6 - A1 - d) = (@ - ) -,
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again, we can see that

n—1
Y B=B)1—d)y <(d-1)" -1,
=0
therefore
(B = B)(1—d) = (d— 1™ = 1= 3" (8~ B)(1 - )
=0
> (d— 1) 1= ((d—1)" — 1)

=(d-2)d-1)",

therefore 8,, — 8/, =d — 2, and then 8, =d — 2 and 3/, = 0.
By repeating the same procedure, we obtain that 5,1 = 0 and 3],_; = d — 2. Proceeding

inductively, we arrive at
B=(d-2,0,d—2,0,..,d—2,0,d—2,0) and 8’ = (0,d — 2,0,d — 2, ...,0,d — 2,0,d — 2).

If
S8~ B)(1 — d) = —md,

i
then

> (B - Bi)(1 —d)f =md,

therefore 8 = (0,d—2,0,d—2, ...,0,d—2,0,d—2) and 8’ = (d—2,0,d—2,0, ...,d—2,0,d—2,0).
Let 8,8 € {0,...,d — 2}"+2. If

n+1 n+1
DB+ DA —d) =D (8 +1)(1 — d) (mod md),
i=0 i=0
we have
n+1 '
Z(ﬁi — B (1 —d)" =0 (modmd).
i=0
Since
n+1 .
1> (B = B)(1 = d)'| < md,
i=0
we have
n+1 ' n+1 4
S (8- B —d) =0 or | 38— )1 — d)i| = md.
i=0 i=0
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If
n+1

> Bi—BH(1—d) =0,

i=0
since 3 € {0, ...,d — 2}"*2, we have |3; — B}| € {0,...,d — 2}, therefore, by the lemma 1.3.9,
we have ; — 8. =0, for all i =0, ...,n + 1, therefore

g=4.
If
n+1 .
1> (B = B)(A = d)| = md,
1=0
we have 3,8 € {(0,d —2,0,d — 2,...,0,d — 2),(d — 2,0,d — 2,0, ...,d — 2,0)}. O

By the previous proposition, we have that if n is an even number, and d > 3, if § =
(Boy s Bus1)s B = (Bhs s By1) be such that 0 < B;, 8 < d — 2 and

n+1 n+1
D Bi=Y Bi=dg+1)—n-2,
=0 =0

then we have that if Z;L:Jrol M}l_d)i = Z;L:"’Ol w ( mod m), then 8 = B’ or
8,8 €{(0,d—2,0,d—2,...0,d—2),(d — 2,0,d — 2,0,...,d — 2,0)}.
By Griffiths’ base theorem, we have that
) m—1 if nisodd
dim H*(X, C) prim =
m+1 if niseven

In the case where n is even, we have
dim H*(X, C)prim = m + 1,
therefore

U {e

ptg=n

which is a basis of H" (X, C)prim, has m + 1 elements.

That is, we have a set of m + 1 vectors

BO = (587 "'762+1)7ﬁ1 = (ﬁ&a "'75717,4»1)7 7677’7, = (ﬂ()nv"'vﬁ;’;:»l)u

such that the elements

w,gO, ...’wﬁm
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form a basis of H"(X,C)ppim. We have that the vectors
' =(0,d—2,0,d—2,..,0,d —2,0,d - 2),8" = (d — 2,0,d — 2,0,....d — 2,0,d — 2,0)

are such that wgr,wgr € H%’%(X)pmm, since

> 8= Zﬁ”— ”;2 d(gﬂ)—n—z

And we have wgr, wgr € V(€2) = V(1), since

S (B + 1)1 —d)' = —md and Y (B +1)(1 - d)' = 0.

i %

Therefore, each of the remaining m — 1 vectors $* has an associated eigenvalue f%k), with
the j(k) being pairwise distinct.

That is, we have an injective function
jg:I—={1,...,m—1},

where [ is the set indexing the remaining m — 1 vectors.

Since both I and the codomain have m — 1 elements, j is a biyection.

Therefore »
H™(X,C)prim = P V(&
7=0
where
. 1 if m>0
dimV(¢)) =
2 ifm=0.

If n is odd, since

Be + 1)1 —d)* + Brpr + 1A — )" < (d— D)1 = (Bry1 + 1)) <0,Vk even
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we have
n+1 .
S B+ 1A= d) = (Barr + 1)1 - d)" !
i=0
+ > (B + (1 = d)F + (Brsr + (1 = d)**!
ke{0,2,4,....n—1}
< (Bupr + (1 =)t
S (d _ 1)n+2
<(d-1)""?+1
_ (d o 1)n+2 _ (71)n+2
= dm,
therefore
& B+ ) - a)
Z ! d <m.
1=0
And since

(Be + 1A = d)F + (Brar + (1 = ) = Bria(d = 1)* >0,k odd,

we have
n+1 )
DB+ (1 -d) =B +1
i=0
+ > B DA = DF + (B + (1 — )
ke{1,3,5,....,n}
>pPo+1
>1
>0,
therefore . '
nz: (Bi +1)(1 —d)
>0
1=0 d

Therefore V(1) = V(£9,) = 0.
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And we have

n+1 n+1
DCEEALE! |<Z| BN = ad)|
1=0
n+1
<Y (d—2)(d-
-

_ Z v+1 _ 1)71

=(d-1)"?-1
<(d-1)""?+1
= (d—1)""? = (1)

therefore, if we have

2 7 = 2. p) (mod m)
then we have
n+1 4 n+1 ,
STB+ 1A —d) =D (8 +1)(1 — d) (mod md),
i=0 i=0
and then
n+1 4 n+1 .
DB+ —d) = (B + 1)1 -d),
i=0 i=0

and by the lemma 1.3.9 we have
61*6210, Vi=0,..,n+1,

Therefore 5 = 3.
Since n is odd, we have
dim H™"(X, C) prim =m — 1,

therefore

U {Wﬁ

pt+g=n

0<B<d-2, Z@=d(q+1)—n—2},

which is a basis of H" (X, C)prim, has m — 1 elements.

That is, we have a set of m — 1 vectors

/60:(/807' 7Bn+1) /81 (ﬂOa a/B'rlLJ,-l) Bm 2 ( 0 2a' °y ;T-l,-_lg))
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such that the elements

Wpgo, ..., Wgm—2

form a basis of H"(X, C)prim.-
Therefore, each of the m — 1 vectors ¥ has an associated eigenvalue 55,1(]6), with the j(k)

being pairwise distinct. That is, we have an injective function
jg:I—={1,...,m—1},

where [ is the set indexing the m — 1 vectors.

Since both I and the codomain have m — 1 elements, j is a biyection.
Therefore

m—1
chmm:@v
j=1

where
dimV(&)=1,¥j=1,...m— 1.

Definition 3.2.2. For every p + q = n, we define the set
n+1 n+1
. (Bi + 1)1 —d)
CcPl:={j= ——|0< B, <d -2, i =d(g+1)—n—2
{J ; y 0<8 ;B (a+1) }-

With all this, we have the following theorem.
Theorem 3.2.3 (Villaflor et.al.). Let X = {8 'z1 + ... + 2 120 = 0} be the Klein
hypersuperface of dimension n and degree d > 3. And let V(&),) = {w € H"(X,C)prim|og(w) =

&l .w} be the eigenspace of ol associated to the eigenvalue &, .

Then, for all p+ q = n, we have

Hp,q p'rzm = @ Vv é-]

jecr.a
If n is an even number, we have
m—1
H"(X,Cprim = P V(&)
7=0

where dime V(&2,) =1 ifj=1,...,m — 1 and dim¢ V(&) =2 if j = 0.

If n is an odd number, we have

S

Hn(X, C)pm‘m = V(gm)
j=1

UNIVERSIDAD TECNICA FEDERICO SANTA MARIA



86 CHAPTER 3. TORELLI PRINCIPLE

where dime V(€)= 1 for all j = 1,....,m — 1.
And for j € CP9, we have

V(E) = sl 0< 5 <d—2. 3 = dlg+ 1) —n—2, 3 BHDEZAE gy,

B 70
Wwp =Tres W .

Definition 3.2.4. Let define the set

where

A:={te (Z/mZ)" :t-CP"=CP9 Vp+q=n},

i.€.
teAste(Z/mZ) and Vp+ q=n, we havet-j € CP? V5 € CPY.

Definition 3.2.5. Let we define the morphism ¢ : N({(c*)) < Aut(H™ (X, Z)prim, (., .))/{£1} —

L= g*lo,

A given by g — i4, where go*g~
Proposition 3.2.6. ¢ is well defined

Proof. Let g € N({c*)), then we have g € Aut(H™(X, Z)prim, (., .))/{£1}, therefore it must

preserve the Hodge decomposition

gc(H? (X ) prim) € HP (X ) prim,

let iy = ¢(g9) and w € H*(X,C)prim. If w € HPYX)prim, then g7 w € HPUX)prim,
therefore go'w € V(€7,), for some j € CP9. Then we have

gcotgetw = gobl gotw = & w.

On the other hand, we have

then, if w € V(¢F,), we have
geotgs'w = 0™w = (€5) 1w = 1w,

Therefore

j=k-iy(mod m),

therefore i, - CP*¢ C CP9 and since g is an automorphism, we have i, € (Z/mZ)*.
O

Let p:=Im . It is easy to see that Ker p = C(c*), the centralizer of o*. Therefore, by the
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First Isomorphism Theorem, we obtain

N({o%))/C(07) =~ p.

Recall that

Aut(X)=Z/mZ < Z/(n+2)Z = (o) x (T).

7:X — X is given by
T([xo: oo i Tpg1]) = (210 -0 = o),

then we have that the automorphism 7 induces an automorphism of polarized Hodge
structures, 7 : H"(X, Z)prim — H" (X, Z) prim.-

Let us show that 7* lies in N({c*)). For [zg : ... : Zp41] € X, we have
7-0'7'71(1}0 Dot an_;’_l) = To'(l‘n+1 [ xn)
1—d)™tt
=7({mdTny1 - :fr(nd ) Tn)
= [67171_C[dx0 Dot gmdxn+1]
=o'z i xng),

1

therefore 707~ = ¢! ~%. Passing to cohomology, we obtain

—1 1—-d
ot = o*

hence (7*) < N({c™*)).
Let us show that (tau*) N C(c*) = {e}.
Take j € Z/(n + 2)Z such that

or~I =o.
Using the relation 770777 = U(l_d)j, we obtain
(1 —d)? =1 (mod m).

Since the order of (1 —d) in (Z/mZ)* is n + 2, it follows that j is a multiple of n + 2.
Therefore

(r)nC(o) = {e}.

Applying pullback, we conclude that

(t"yNC(c*) = {e}.
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in Awt(H™(X, Z)prim, -, -))/{£1}.
Therefore, via the homomorphism ¢, we obtain a commutative diagram of short exact

sequences, with exact rows and injective vertical maps.

1 — C(c*) —— N({(o%)) I 1
1 (o) (o) > (7) (1) 1

We have
(0") < C(o™), (") < < A, Aut(X) ~ (0")x(7") < N({(¢™)) < Aut(H™(X,Z)prim., {-,-))/{£1},

therefore is we can prove that

then it follows that
Aut(X) ~ N({c*)).

Moreover, if we further show that (o*) is normal in Aut(H"™ (X, Z)prim, (., .))/{£1}, then we
obtain
Aut(X) ~ Aut(H™ (X, Z) prim. (-, -)) /{£1},

which is exactly what we want.

3.3 Evidence supporting the punctual Torelli principle on Klein varieties

At the end of the previous section, we showed that if we could prove (¢*) = C(o*),
w2 (), and N((c*)) = Auwt(H" (X, Z)prim, (-, -))/{£1}, then we would obtain Aut(X) ~
Aut(H™(X,Z)prim, (- -))/{£1}.

We conjecture that |A| =n + 2. Since

Z)(n+2)L = (") < p< A

if |[A| =n+ 2, it follows that
A=7Z/(n+2)Z,

and hence
w=2/(n+2)Z = (r*).
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For fixed (n,d), one can compute the group A explicitly by first determining the sets CP
(Definition 3.2.2). However, when (n, d) are not small, the computation of these sets becomes
prohibitively expensive, even with computer assistance.

We developed a Python code in which we implemented a function to compute the groups

A for given ordered pairs (n,d).
We now present the tables of the groups A for 2 < n < 8. In each table we record the

corresponding value of m, the elements of A, the order |A|, and a generator of this group.

Thus, in these cases we verify that A is a cyclic group and that its order is n + 2.

Table 3.1. Values of |A| for n =2 and 3 < d < 20.

d | n m sl Ty T3 T4 n+2 | |A| | Generator | Cyclic
3 | 2 ) 1 2 3 4 4 4 2 Yes
4 |2 20 1 13 9 17 4 4 13 Yes
5 |2 51 16 1 38 47 4 4 38 Yes
6 | 2| 104 1 83 99 25 4 4 83 Yes
7 12| 185 1 154 179 36 4 4 154 Yes
8 | 2] 300 1 293 | 257 | 49 4 4 293 Yes
9 | 2| 455 64 1 398 447 4 4 398 Yes
10| 2] 656 | 81 | 583 1 647 4 4 583 Yes
11| 2] 909 1 818 | 899 | 100 4 4 818 Yes
12 | 2 | 1220 1 1209 | 1109 | 121 4 4 1209 Yes
13| 2 | 1595 | 144 1 1462 | 1583 4 4 1462 Yes
14 | 2 | 2040 | 169 1 1883 | 2027 4 4 1883 Yes
15| 2 | 2561 1 2378 | 2547 | 196 4 4 2378 Yes
16 | 2 | 3164 1 2953 | 225 | 3149 4 4 2953 Yes
17 | 2 | 3855 | 256 1 3614 | 3839 4 4 3614 Yes
18 | 2 | 4640 1 4623 | 289 | 4367 4 4 4623 Yes
19 | 2 15525 | 1 | 5218 | 5507 | 324 4 4 5218 Yes
20 | 2 | 6516 1 6497 | 6173 | 361 4 4 6497 Yes
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For example, taking d = 20, we can check that the group

A = {1,6497, 363,6173}

is indeed a subgroup of (Z/mZ)*, and that it is generated by 6497. o see this, note first

that for these values of n and d we obtain

(19)4 ( 1)4
— N N T 1

which agrees with the value of m reported in Table 3.1. And if we consider the generator
6497, we have
6497 - 6497 = 42211009,

and
42211009 = 361(mod 6516),

361 - 6497 = 2345417 = 6173(mod 6516),

6173 - 6497 = 40105981 = 1(mod 6516).
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Table 3.2. Values of |A| for n = 2 and 21 < d < 40.

d | n m 5l Ty T3 T4 n+2 | |A| | Generator | Cyclic
21| 2| 7619 | 400 1 7238 | 7599 4 4 7238 Yes
22 | 2| 8840 441 1 8819 8419 4 4 8819 Yes
23 | 2 | 10185 1 9722 | 10163 484 4 4 9722 Yes
24 | 2 | 11660 1 11153 | 11637 529 4 4 11153 Yes
25 | 2| 13271 | 576 1 12718 | 13247 4 4 12718 Yes
26 | 2 | 15024 1 14423 625 14999 4 4 14423 Yes
27 | 2 | 16925 1 16274 | 16899 676 4 4 16274 Yes
28 | 2 | 18980 1 729 | 18277 | 18953 4 4 18277 Yes
290 | 2| 21195 | 784 1 20438 | 21167 4 4 20438 Yes
30 | 2| 23576 | 841 | 22763 1 23547 4 4 22763 Yes
31| 2 | 26129 1 25258 | 26099 | 900 4 4 25258 Yes
32 | 2 | 28860 1 961 28829 | 27929 4 4 28829 Yes
33 | 2| 31775 | 1024 1 30782 | 31743 4 4 30782 Yes
34 | 2| 34880 | 1089 | 33823 1 34847 4 4 33823 Yes
35 | 2 | 38181 1 37058 | 38147 | 1156 4 4 37058 Yes
36 | 2 | 41684 1 41649 | 1225 | 40493 4 4 41649 Yes
37 | 2| 45395 | 1296 1 44134 | 45359 4 4 44134 Yes
38 | 2| 49320 | 1369 | 47987 | 49283 1 4 4 47987 Yes
39 | 2 | 53465 1 52058 | 53427 | 1444 4 4 52058 Yes
40 | 2 | 57836 1 1521 | 57797 | 56353 4 4 57797 Yes
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Table 3.3. Values of |A] forn =3 and 3 <d < 17.

d | n m el Ty T3 T4 Ts n+2 | |A| | Generator | Cyclic
313 11 1 3 4 5 9 5 5 3 Yes
4 |3 61 1 34 9 20 58 5 5 34 Yes
5 |3 205 1 201 141 16 51 5 5 201 Yes
6 |3 521 1 516 104 396 25 5 5 516 Yes
7 13| 1111 1 36 1105 185 895 5 5 36 Yes
8 | 3] 2101 1 300 2094 49 1758 5 5 300 Yes
9 | 3| 3641 | 64 1 455 3633 | 3129 5 5 64 Yes
10 | 3 | 5905 1 5896 656 81 5176 5 5 5896 Yes
11| 3| 9091 1 100 909 9081 | 8091 5 5 100 Yes
12 | 3 | 13421 1 13410 | 1220 121 12090 5 5 13410 Yes
13 | 3 | 19141 1 17413 144 19129 | 1595 5 5 17413 Yes
14 | 3 | 26521 1 24324 169 26508 | 2040 5 5 24324 Yes
15 | 3 | 35855 1 35841 | 2561 196 33111 5 5 35841 Yes
16 | 3 | 47461 1 225 47446 | 44086 | 3164 5 5 225 Yes
17 | 3 | 61681 | 256 1 61665 | 3855 | 57585 5 5 256 Yes

Table 3.4. Values of |A| for n =4 and 3 < d < 11.

d | n m el Ty T3 T4 T T6 n+2 | |A] | Generator | Cyclic
3 14 21 1 4 10 13 16 19 [§ 6 10 Yes
4 14 182 1 9 81 179 121 155 6 6 179 Yes
5 [ 4 819 256 1 614 815 16 755 6 6 614 Yes
6 | 4| 2604 1 2083 | 2599 2479 625 25 6 6 2083 Yes
7 | 4| 6665 1 6659 36 1296 6449 5554 6 6 6659 Yes
8 | 4| 14706 | 2401 1 14699 49 14363 | 12605 6 6 14699 Yes
9 | 429127 | 64 1 4096 | 28615 | 25486 | 29119 6 6 25486 Yes
10 | 4 | 53144 1 6561 | 47239 | 53135 81 52415 6 6 47239 Yes
11 | 4 | 90909 1 100 | 10000 | 90899 | 89909 | 81818 6 6 90899 Yes
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Table 3.5. Values of [A| forn =5 and 3 < d < 8.

d|n m T Ty T3 T4 T5 T6 T7 n+2 | |A|l | Generator | Cyclic
315 43 1 35 4 41 11 16 21 7 7 35 Yes
415 547 544 1 520 9 304 81 182 7 7 544 Yes
515 3277 256 1 3273 2253 | 3213 16 819 7 7 256 Yes
6| 5| 13021 | 12896 | 1 9896 2604 625 13016 25 7 7 12896 Yes
715 | 39991 1 36 | 6665 | 1296 | 39985 | 32215 | 39775 7 7 36 Yes
8 | 5| 102943 | 2401 1 | 102600 49 14706 | 102936 | 86136 7 7 2401 Yes

Table 3.6. Values of |A| for n =6 and 3 < d < 6.

d|n m ! Ty T3 T4 Ts T6 ixe T8 n+2 | |A| | Generator | Cyclic
316 85 64 1 4 42 7 16 83 53 8 8 42 Yes
416 | 1640 1 1637 | 1093 9 1613 81 1397 729 8 8 1637 Yes
5|6 | 13107 | 4096 1 256 | 9830 | 13103 16 12083 | 13043 8 8 9830 Yes
6] 6 | 65104 1 15625 | 65099 | 625 | 52083 | 64979 25 61979 8 8 65099 Yes

Table 3.7. Values of |A| for n =7 and 3 < d < 5.

n m et Ty T3 T4 Ts T6 ixe T8 To n+2 | |A| | Generator | Cyclic
T 171 64 1 163 4 169 43 139 16 85 9 9 4 Yes
7| 4921 1 4678 | 1640 9 2734 81 4918 | 729 | 4894 9 9 4678 Yes
7| 52429 | 4096 1 256 | 52425 | 36045 | 51405 | 52365 | 16 | 13107 9 9 256 Yes

Table 3.8. Values of |A| for n =8 and 3 < d < 4.

n m It To T3 T4 T5 T6 T TS To 70 n+2 | |A] | Generator | Cyclic
8 | 341 64 1 256 4 170 | 333 16 339 | 213 | 309 10 10 170 Yes
8 | 14762 | 1 | 6561 | 14759 | 9 | 14735 | 81 | 9841 | 14519 | 729 | 12575 10 10 6561 Yes
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